A COMPUTER-ASSISTED PROOF OF SENDOV’S CONJECTURE

LECH MAZUR

ABSTRACT. Let p be a complex polynomial of degree n > 2 whose zeros lie in the closed unit disk.
Sendov’s conjecture asserts that each zero a of p has a critical point within distance one. We present
a computer-assisted proof. One invertible scaling and rotation turns a hypothetical failure into a nor-
malized obstruction while preserving all root and critical-point multiplicities. Reciprocal critical-point
coordinates give an antiderivative polynomial, a division-free coefficient calculation, and an elementary
finite-product defect bound. A cleared polar factorization and a fifth-order exponential comparison
force an explicit lower bound for the reciprocal mean. After one integration by parts, a Maclaurin—
quadratic-mean estimate and a direct center identity show that every obstruction of degree m + 1 > 6
would satisfy
14+ A< (m+1)Emn(N).

A strict master error theorem proves the reverse inequality. Its finite part is certified by exact rational
arithmetic for 5 < m < 499; its large-degree part uses elementary estimates and a compact exact
certificate for one uniform auxiliary integral. Degrees two through five follow from a single weighted
arithmetic-geometric mean comparison. A separate Lean 4 formalization proves the exact statement of
Sendov’s conjecture.

Generative-Al disclosure. Generative Al played a substantial role in the discovery and derivation of
the mathematics in this paper, not merely in editing its presentation. Lech Mazur served as curator and
prompter, designed and authored the orchestration and verification workflow in which the model was run,
selected and reconciled its outputs, and takes responsibility for the resulting manuscript and its claims.
The Al system used was OpenAl GPT-5.6 Pro. It contributed to mathematical exploration, proof devel-
opment, exact computational testing, adversarial auditing, and exposition. The written proof and exact
supplementary proof objects identified in Appendix A provide the exposition and computational checks
presented here. Separately, a Lean 4 formalization proves the exact statement of Theorem 1.1. The
formal proof is not a line-by-line verification of this manuscript and does not verify the implementations
of the supplementary certificate programs. The accompanying Lean source records its exact toolchain
and verification instructions. Responsibility for any remaining errors lies with the human author.
Formalization status: The exact theorem statement and the full formalization dependency graph
have been checked with the pinned Lean 4 and Mathlib versions. Independent specialist review of the
exposition and its correspondence with the formal development remains welcome.

CERTIFICATION AND FORMALIZATION BOUNDARY

Every reduction from a hypothetical Sendov counterexample to the two terminal scalar propositions is
stated and proved below. The supplementary programs certify those two propositions using exact integer
and rational arithmetic; they do not verify the preceding analytic reduction. Separately, an accompanying
Lean 4 development proves Theorem 1.1 itself. Its proof uses several streamlined arguments and is not
claimed to formalize this manuscript line by line; it also does not validate the implementations of the
supplementary programs.

1. STATEMENT AND PROOF ARCHITECTURE

Sendov’s conjecture concerns the geometry of the zeros and critical points of a complex polynomial.
Its classical background is surveyed by Marden and by Rahman and Schmeisser [6, 7]. Important partial
results include the work of Bojanov, Rahman, and Szynal [1], the proof through degree eight by Brown
and Xiang [2], Dégot’s high-degree theorem for a fixed distinguished zero [4], Chalebgwa’s refinement [3],
and Tao’s theorem for all sufficiently high degrees [8].

Write D = {z € C: |z| < 1} for the open unit disk.
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Theorem 1.1 (Sendov’s conjecture). Let p be a complex polynomial of degree n > 2, all of whose zeros
lie in D. For every zero a of p, there is a zero w of p' such that

lw—al <1

The proof has four layers. First, a one-step minimum-distance scaling and rotation turns any coun-
terexample into a normalized obstruction. Second, antiderivative algebra, a finite-product defect estimate,
and cleared polar forcing reduce every obstruction of degree at least six to a scalar lower bound. Third,
a strict master error theorem gives the contradictory upper bound by combining one finite exact certifi-
cate with large-degree analytic estimates. Finally, one weighted arithmetic—geometric mean argument
excludes degrees two through five.

Throughout the main argument,

m=n—1, 0<a<l, §=1-—ad>

The non-distinguished roots are z1, ..., z,, and the critical points are w1, ..., w,,, always counted with
multiplicity.

2. ONE-STEP REDUCTION TO A NORMALIZED OBSTRUCTION

Lemma 2.1 (One-step normalization). Assume that Theorem 1.1 fails for a degree-n polynomial p at a
zero o, and put m =n — 1. Then there are a degree-n polynomial P, and real numbers a, p such that:
(i) 0<a<p<l1, Pca) =0, and P.(a) # 0;
(ii) every zero ¢ of P. satisfies || < p;
(iii) every zero W of P, satisfies |W —a| > 1.

Moreover, P, is obtained from p by one invertible linear change of variable, which carries the zeros of p
and p’, with their multiplicities, to those of P, and P..

Proof. If p'(«) = 0, then the choice w = « already proves Sendov’s conclusion; in particular, a multiple
distinguished zero cannot occur in a failure. Thus p’(«) # 0.

Since degp’ = n — 1 > 1, the polynomial p’ has a zero. If o = 0, Gauss—Lucas places every such zero
in D, again contradicting failure. Hence o # 0.

List the zeros of p’ as wyq,...,w,,, counted with multiplicity, and set
d= mi P — =d
foin lwj —al,  p

Failure gives d > 1, so 0 < p < 1. Define
s=pgp e=sa=plel  P(2) =p(s™'2).
@

Then s # 0, |s| = p, and 0 < a < p < 1. For every z € C,
P.(sz) =p(2),  Pl(sz)=s"'p'(2).

Because the change of variable is invertible, these identities preserve every root and critical-point occur-
rence, including its multiplicity.
Every zero of P, is therefore sC for a zero ¢ of p, and the closed unit-disk hypothesis gives

|s¢] < p< 1.
Likewise the critical points of P, are swy, ..., Sw,;,, counted with multiplicity, and
|sw; —al = plw; — a] > pd = 1.

Finally,
Pl(a) = s"'p'(a) #0,

which proves the lemma. O

Definition 2.2. A polynomial together with parameters a, p satisfying Lemma 2.1(i)—(iii) is called a
normalized obstruction.

No later step assumes distinct roots or distinct critical points.
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3. NORMALIZED COORDINATES AND ANTIDERIVATIVE ALGEBRA

Fix a normalized obstruction
m

p(2) :c(z—a)H(z—zi), c#0,

=1

where the non-distinguished zeros z; are counted with multiplicity. Let wq,...,w,, be the zeros of p’,
again counted with multiplicity, and define
q; @ —w; , M m 4 qj, 1
Jj=1
The separation condition gives
q; # 0, lg;jl <1 (1<j5<m).
Because a is simple,
12 m
P(a+z)
3.1 = 1 iz).
(3.1) v~ L0+ w2

Let e; denote the kth elementary symmetric polynomial, with eg = 1. Define

1 m m
(3.2) A,(2) :/ T+ tayz) de = szk
0 j=1 k=0 +

Integrating (3.1) from 0 to z gives
pla+2)
p'(a)
The zeros of A, are therefore z; — a, counted with multiplicity. If

e=[ls. 2z=]I=
j=1 i=1

then comparison of leading coefficients gives

= zA4(2).

(3.3) Ay(2) =

S|

I:I(z — (2 — a)).
Define
(3.4) J =nAy(—a) = n/o jl;[l(l — atq;) dt.

Evaluation of (3.3) at —a yields the exact, zero-safe product identity

(3.5) T =(-)"QZ.|

Put
P=1Q=]]lul, R=1ZI=]]l=l
j i
Then
(3.6) |7 =PR <1,

because P < 1 and every |z;| < 1.

4. PRODUCT DEFECTS

For a nonempty finite complex family v = (uq,...,uy), define
k
(4.1) Def(u) = > (1= [u]*) [ ] we-
i=1 t#i

If U =[], i, then, without any nonzero assumption,

(4.2) Def(u) = e, (u) — U Zu

Indeed, Ut = |u;|? Hz#i ug, including when u; = 0.
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Lemma 4.1 (Finite-product defect inequality). If |u;| < 1 for every i, then

[u
i

Proof. Induct on the number of factors. For one factor the assertion is the identity 1 — |u1]? = 1 — |uy|?.
If v is appended to a family of product U, direct expansion gives

Def(u,v) = v Def(u) + (1 — |v]?)U.
Put R =|U| and r = |v|. The induction hypothesis and the triangle inequality give
| Def(u,v)| < r(1— R*) + (1 —1r?)R.
For 0 < r, R < 1, the difference between 1 — r?R? and the right-hand side is
(1-r)(1—-R)(1—-rR)>0.

This closes the induction. O

(4.3) | Def(u)] <1 —

5. POLAR FORCING AND THE EXPLICIT PARAMETER BOUND

Put

w RT
T:ZQja r=— fizzi_a~
=1 m

Then |T| < m, so —1 < a < 1. The cleared factorization
nAg(u) =Q[J(u-&)
i=1
gives, at u = 0 and u = ¢/a,
n=Q[J(-&), nV=Q[]©-a&),
where
1 m
Vi=a"Ay(0/a) = / H(a + dtg;) dt.
0 ;1
For every root occurrence,
0 —a&i> — &GP =0(1— |a+ &%) > 0.

Multiplying these inequalities occurrencewise and taking squared moduli in the two displayed factoriza-
tions gives

n* V2= QP[] 10 - a&i® > [QP T 16 = n®.

Only the positive scalar n? is cancelled; no root, affine factor, or product is divided out.
Define, for 0 <t <1,
r(t) = a® + 2adxt + %%, s=+/r(1),  c(t)=(1—t)a+ts.
Here
r(t) = (a — 0t)? + 2adt(1 4+ x) > 0.

For each t € [0,1],
= > Ja+ otgs]? = a® + 200 t+52t22| 2 <r(t)
— a “=a adrt + — ; r(t).
m - qj m - 95" =
The geometric—quadratic mean inequality therefore gives
m/2

1 m
H|a—|—6tqj| < E2|a+5tqj\2 < r(t)y™2.
j j

Together with the integral triangle inequality, this yields

1§|V|§/O( r(t))" dt.

Moreover,
52— (a+6x)%> = 6%(1 —2%) > 0.
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If a+dx <0, then s > 0 > a + dz; if a + dz > 0, taking nonnegative square roots gives the same
conclusion. Thus s > a 4 dx, and

c(t)? = r(t) = 2at(1 — t)(s — a — 6z) > 0.
Also s < a+ 4. Since ¢(t) > 0, it follows that

1
(5.1) 1< / c(t)™ dt, 0<s<a+é.
0
Lemma 5.1 (Exponential comparison). For u > 0, with y = 3u/(u + 3),
(5.2) eV —1—y<u—1+4e".
Proof. We first prove a derivative estimate at an arbitrary v > 0. Put
3v
d = 3 = —
v+ 3, z R
and define
A_(v) =v? — 6v + 12, Ay (v) = v + 60 + 12,
v? w3 vt P
Ts(v) = 1 L
W =1l+vt 5+ 5 5" 20
22 23 A28
U — ST AT AN
5(2) = z—|—2+6+ +60
R(v) = 9720 + 7614v 4 7857v* 4 3087v* 4 480v™.
Here

d>0 A_(v)=(v—-3)*+3>0, Ai(v) >0,
and v —v+2=(v—1)2+ T > 0. Since T5(v) < e, the exact identity

v (2 —v+2)

(5.3) Ts(v)A_(v) — Ay (v) = 130 >0
gives A4 (v) < e?A_(v). Multiplication by e > 0 and Ay (v) — A_(v) = 12v therefore yield
12
(5.4) L
Ap(v)
Moreover 0 < z < 3. For every r > 0, (5+7)! > 5!6", and z/6 < 1/2; hence
L2 .3 25 2 ot P
1 S )3 (3) <=
( Tttt >— 120T0(6 < 60
Consequently e* — 1 < Us(z). A second exact identity is
(5.5) 40(120d” — 9A 4 (v)d°Us(z)) = v*R(v) > 0.
Every coefficient of R is positive. Since d® > 0, (5.5) implies
9U5(Z) < 12v
& A ()
Combining this with (5.4) gives
3 \2
. 1— eV — ( 3v/(v+3) _ 1) '
(5.6) e <v n 3> e >0

Finally define

3v
) _ —v 9o 3v/(v+3).
(v)=v+e "+ o3 ¢

The denominator v + 3 is positive on [0, 00), so ® is continuously differentiable there, ®(0) = 0, and

P(v)=1—€e""— ( 5 )2(63”/(”+3)—1) >0 (v>0)

v+3
by (5.6). Hence ®(u) > 0, which is exactly (5.2). O
Define 5
e=1-—a, A =me, ho = ——, h = 2ax — a®.

A+3
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Lemma 5.2 (Explicit polar lower bound). Every normalized obstruction satisfies

3
5.7 h>hy=——.
(5:) T X+3

Proof. Suppose h < hg and put b= 1+ ehg. Since s2 = 1 + 6h and

b% — (1 + 8ho) = €2ho(1 + ho) > 0,
and both b and s are nonnegative, we have s < b. Therefore

c(t) < gt):=(1—t)a+tb=1+¢e((1+ho)t —1).
Both ¢(t) and ¢(t) are nonnegative. The inequality 1 + v < e gives
g(t)™ < exp(A((1+ ho)t — 1)) .
Let )
7= / exp(A((1+ho)t — 1)) dt, D= X1+ hg) > 0.

The fundamental theorem ofocalculus and Lemma 5.1, applied with u = A and y = Ahg, give

DI =eMo — e < A1+hg) =D
But (5.1) gives 1 < Z, hence D < DT < D, a contradiction.

Set
= 2aRT — m(a® + ho) = m(h — hg) >0
Since RT < m, this also gives ho < 2a — a®. The exact identity

A(m? = A(A +3))

20 —a® — hy =

m2(A + 3)
has a positive denominator. Consequently
(5.8) 0 <A, A+ 3) <m?, equivalently 0< A< A,
where
N Vim2 +9 -3
m= Ty
For this feasible pair define
(5.9) Bma(t) =1 —(a® + ho)t + a*t?
and
1
(5.10) En(\) = a*m / tBp ()™ /2 dt,
0

Notice that
Buna(t) =1 —at)*>+ (2a—a*> —ho)t >0  (0<t<1).

6. THE DEFECT-ERROR INEQUALITY AND THE HIGH-DEGREE OBSTRUCTION

Set .

H (1 —atq;), K =F(1).
Direct product differentiation gives
(6.1) alF(t) = —F'(t) —a®t Y ¢} [[(1— atq).

J k#j
Define
(6.2) =—a / t> ¢ ] - atq) dt.
J k#j

Since F(0) =1and J =n fo t) dt, integration gives
(6.3) aTT =n(l—-K+¢€).

‘We now combine the coefficient and product-defect steps. Put
j=1J|=PR, L= J(anT — a*m? — m) + mnK.
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For clarity, write U = ), z;. The next-to-leading coefficient in (3.3), and the identity A,(2) + zA;(2) =
[1;(1+g;2) evaluated at z = —a, give

() =~ (U~ ma).

and
nK = (-1)"Q(Z + aem—1(z)), J=(-1)"QZ.
Moreover, (4.2) reads
Def(q) = em_1(q) — QT, Def(2) = e, _1(2) — ZU.
Substituting these four formulas displays all signs and conjugations in the cleared identity:
Q L + anJ Def(q) = am(—1)"Q|* (em—1(2) — ZU)
= am(—1)"|Q|* Def(z).
Using Lemma 4.1 for the two occurrence families,
P|L| < amP?*(1 — R?) + anPR(1 — P?).
Here P > 0 and 0 < P, R < 1. After cancelling only P, use
mP(1 — R?) + nR(1 — P?)
<n[P(1-R?)+R(1-P*] <n(l-P°R?),
where the last slack is (1 — P)(1 — R)(1 — PR) > 0. Finally, (6.3) and n =m + 1 give

Ezm[n(l-i—é')-&-a.](,u—ma—i)]

Thus

(6.4) <

n(l—f—é’)—i—aj(u—ma—i)‘ (1—35%).

m

No division by J, a root, or a product occurs.
For b;(t) = |1 — atg;|, the triangle inequality, |g;| < 1, the codimension-one Maclaurin inequality [5],
and Cauchy—Schwarz give the complete chain

Y oa [T -ata)| < Z la51” T bw(0)

i k# k£

< Z H bk(t) = emfl(bl(t% . '7bﬂ1(t))

J k#j

<m %ij(t)

m—1

(m—1)/2

m % > b(t)?

IN

The Maclaurin step here is precisely

€m,1(b17...,bm) < <€1(b1,...7bm)>m_l
() 7 (7) ’

m—1 1

applied to the nonnegative numbers b;(t). On 0 <t <1,

IZb(t)z 1-2 t+a2t22| 2
il , —1—%2azt + —— ,
m =7 m 4 %
J J
<1 - 2axt + a*t* < Ba(t),
the last inequality following from h > hg. Hence

(6.5) €] < En(A).
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Assume now that m > 5. Put
S =ma? + 1, W =aT —mS,
and define
®,,(a) = a®((m — 5) + (4m — 2)a)
+ (1 —a)(ma—1)(a*(m— 1)+ (m+ L)a+1).
Feasibility implies A < m — 1: otherwise
AMA+3)—mP=A—(m—-1))A+m+2)+(m—2)>0.

Thus ma =m—XA > 1. Also 0 < hg < 1, |T| < m, and A > 0. To make the algebraic step explicit, direct
expansion gives

(m?a)? — [W|? — a*(m? — |T|?) — mSA —m?(1 — hg)®,,(a)
=m?*(m —1)a*(1 4 a)[m(1 —a) — (1 — ho)(m(1 — a) + 3)].
The bracket on the right vanishes because
m(l—a) =M\, (I—ho)(A+3)=2A
and hence
(6:6) (m?a)?® — [W|? = a*(m? — |T|?) + mSA
+m2(1 — ho)®p(a).

Indeed, m > 5, 0 < a < 1, and ma > 1. Hence every factor in both summands defining ®,,(a) is
nonnegative, and the first summand is strictly positive. Together with |T| < m, A > 0, S > 0, and
0 < hg < 1, this shows that every term on the right is nonnegative. In particular,

(6.7) [W| < m?a.
If n = —ma —a~*, then W = man, and hence
lan| < ma.
By (3.6), 0 < j < 1. The reverse triangle inequality, (6.5), and the center bound give
n(l — Ey) —maj < [n(14&)| = |aTn|
< [n(1+€) + adn|
n .
< a%(l - 5.

For m > 5 one has n(1+ j) < 2(m + 1) < m?. Multiplication by 1 — j > 0 gives

(1-4%) <m(1-j).

n

3

Consequently
n(l—Ey) <amj+am(l—j)=am=m— )\

or equivalently

(6.8) 14X < (m+1)En(V). |

No sign assumption on 1 — F,, and no division by J, 7, or 1 — j has been used. In particular j = 0 is
retained. Although a normalized obstruction has j < 1, the displayed algebraic estimates would remain
valid at the formally enlarged endpoint j = 1.

The scalar result proved next has the strict reverse inequality, so (6.8) excludes every normalized
obstruction with m > 5.

7. THE MASTER ERROR THEOREM

Theorem 7.1 (Strict master error theorem). For every integer m > 5 and every 0 < A\ < A\,

(7.1) [(m + 1)Ep(V) <1+
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7.1. Preliminary identities. Set
A 2 A 2 2

= — = 1 — = —_— d = — .
€= a €, T T3 r°—¢
Feasibility (5.8) gives 0 < A <m, 0 < a < 1, and d > 0. Moreover
(7.2) Ba(t) = (1 —at)> +dt =1 — hot — a®t(1 — t),

$0 0 < By aA(t) <1 on [0,1].

7.2. Analytic endpoint for every m > 5. Let Eg) denote the d = 0 comparison integral obtained by
replacing By, A(t) = (1 — at)? + dt with (1 — at)?; this is the comparison mean x = 1. Then

1
EM = a2m/ t(1—at)™ dt
0

(7.3)
o ; _ €m l m+1
T om+1 m—+1
Thus
(7.4) 1—(m+1)EY =e™(m+1—-\) >0.

Let p = (m — 1)/2. From B = (1 — at)? + dt and
YP - XP <p(Y —X)YP"!  (0<X<Y),
one obtains

da*m(m — 1)

(75) Em - E’r(‘y}) S Qm(r)a

where
1
Qm(r) = /0 t2(1 — (1 —r)t)™ 3 dt.

To justify the chord used here, write B = 1 — 2aZot + a®t? with Zo = (a® + ho)/(2a) < 1. Since a > 0
and hg > 0, in fact 0 < Zg < 1. Then

2 201 _ =2
g%

dat? B3z =
The endpoint values of v/B are 1 and r, so convexity gives
VB<1—(1-r)t.
With v = (1 —r)t,
1 Ly 3
Qm(r)ﬁm/o u”(1—wu) du
(7.6)
B 2
~m(m—1)(m—-2)(1—-r)3"
Consequently,
+1 a?d
7.7 )(E,, — EWM) < mT2 )
(77) (m+ D(En — D) < T 2
For 0 < A <1/20,
1 m+1
2 o & < 2
r_61, 77172_27 d<r
Also
5 3(1—r)?
A+3)(1—7r)? = >2
(3L - = 2 >

Indeed, this is equivalent to 1 — 8r + 3r2 > 0; at 0 < r < 1/1/61 its derivative 6r — 8 is negative, so the
left side is at least (64 — 8y/61)/61 > 0. Hence the right side of (7.7) is strictly less than A. Together
with (7.4),

(7.8) (m+1)E,(\) <14+A (0 <A <1/20, m >5).
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7.3. Exact finite certificate for 5 < m < 499. It remains in these degrees to cover

1
— <A< A\
20 — <
Define
fnL,)\(t) - \/ B’m,)\(t)-
On the feasible domain,
OB, A (1) 3t 2at(1 —t)
7.9 : = 0 t>0
(7.9) ) OxsEt T 00 >0
and
2 1— .%'2)
1 " 1) = a ( 0 > 0.
(7.10) Fralt) = G =y 2 0

Here the same quantity Zo = (a® + ho)/(2a) satisfies 0 < Zop < 1. Thus f increases pointwise with A and
is convex in ¢.
Let 0 = 254, For an ordinary leaf [L, U] satisfying
1
20 <L<U< A,

define, for every 0 < j <8,
(7.11) vj = [0fmu(i/8)].
These are positive integers. Since By, y(j7/8) > 0, they are characterized uniquely by the exact inequali-
ties
(v; —1)* < o*Bnu(j/8) < Vi

On the interval j/8 <t < (j 4 1)/8, write § = 8 — j and set
(1 — Q)VJ + 9Vj+1

pn .

(7.12) 0;(t) =

Monotonicity in A and convexity in ¢ give

fma(®) <608 (A€ [L,U]).

Put
m—1
m—1—k_ k
Zoj =) v
k=0
m—1
Zl,j = Z (k} + 1)V;—n717kllj]-€+l.
k=0
Exact beta integration gives the complete scaled identity
(3+1)/8 L 1 j 1
7.13 te(t)m dt = ——30i+ 55—
(7.13) /j/g i®) gm—1 [82m %3t Sm(m 1)
Define
7
(7.14) NpLu = Z((m +1)j%0,; + Zl,j)~
j=0

Since a(N\)? < a(L)? and 1+ A > 1+ L on the leaf,
a(L)szJ”U
820-177,—1 .
If L = r/s and a(L) = p/q are in lowest terms, the exact ordinary-leaf predicate is the single strict
integer inequality

(7.15) (m+1)En(\) <

(7.16) P’ Nprvs < 282 0™ (s +r).

The finite partition is deterministic. Put Qy = 2%°. For each m > 5, let k,,, be the unique integer
satisfying

(7.17) (2km 4+ 3Q2)% < (4m* +9)Q3 < (2(km + 1) +3Qx)%
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Such a strict bracket exists because 4m? +9 is not a square for m > 5: if s> = 4m?+9, then (s —2m)(s +
2m) = 9, which gives only m = 0 or m = 2. Equivalently,

km = [QxAm] -

Set
km — ko +1

)‘m = 5 m —

h Qx Qx
Starting with [1/20, A,,,], test (7.16). If it passes, record the interval; otherwise bisect at the exact rational
midpoint and process the left child followed by the right child. This rule uniquely generates the ordinary
leaves.

At A = A\,

A
B, (t) = (1 — a,t)?, L=1-"
()= (=0t a4 =1
For m > 5,
(2m +1)* — (4m? +9) = 4m — 8 > 0,
50 0 < A, <m —1and hence 0 < a, < 1. Also A\, < Ay, +27%0 < m, while \,,, > \,,,; consequently
0<a, <a. <l

Thus 1 — a.t and 1 — g,,t are positive on 0 < ¢ < 1, so the square roots below have the displayed affine
form. Since

kg

ax > a,, =1-—

for A, < A < Ay, one has
fa(t) <1—a,t <1—a,t.

The final ALG leaf uses
(7.18) vplG = {o (1 —améﬂ ,  0<j<8,

then forms Yo j, ¥y j, and Ny, » arLc by (7.13)—(7.14) and checks (7.16) at L = J,,. Ordinary leaves
are used as closed intervals; their shared endpoints are deliberately covered by both neighboring bounds.
The final algebraic leaf represents [A,,, A ), with the infeasible endpoint excluded.

Am

Proposition 7.2 (Finite-certificate soundness). Fiz 5 < m < 499. Suppose a finite certificate block
satisfies the following conditions, with all rational and integer quantities interpreted by (7.17)—(7.18):
(C1) it contains one ordered degree-m block of ordinary rows followed by one ALG row;
(C2) its integers ky, and k., + 1 satisfy the strict bracket (7.17);
(C3) every ordinary row has the recorded position and depth in the left-first exact-midpoint bisection
tree rooted at [1/20,),,];
(C4) the ordinary intervals have positive width, begin at 1/20, meet at consecutive endpoints, and end
at \,,;
(C5) every ordinary-row v; is the unique ceiling characterized in (7.11);
(C6) every ordinary-row value Ny, r.u is formed by (7.13)—(7.14) and satisfies the strict predicate
(7.16);
(CT7) the terminal row uses exactly the ceilings (7.18), forms Nm x avc by the same formulas, and
satisfies the same strict predicate at L =\, ;
(C8) the terminal row denotes [\,,, Am), and the block contains no additional interval rows.
Then

1
(m+1)En()) <14 A <%§A<Am>.

Proof. On an ordinary row, monotonicity in A, convexity in ¢, and the exact ceilings give the secant
majorant (7.12). Exact beta integration gives (7.15), and the strict integer predicate is equivalent to
making its right side strictly smaller than 14+ L < 1+ A. On the terminal row, the positivity just proved
for 1 —a.t and 1 — a,,t, together with (7.18), gives the same secant and predicate argument. Conditions
(C2), (C4), and (C8) make the ordinary rows and terminal half-open row cover exactly [1/20, A,,). This
proves the assertion. O
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The finite certificate contains exactly 16,862 leaves: 16,367 ordinary leaves and one algebraic final
leaf for each of the 495 degrees. Exact consumers check canonical serialization, all interval adjacencies,
depths, bisection positions, endpoint brackets, every ceiling, and every predicate. Thus every degree
block satisfies Proposition 7.2, and

1
(7.19) (m4+1DE,(A) <1+ A (5 <m <499, 20 <A< /\m> .
7.4. Uniform auxiliary integral bound. Define
1
3t t(1—t
(7.20) H(y,c) = E/ texp {—/y—i_;()] dt, 0<y<1l, c¢>0.
YJo
Proposition 7.3 (Uniform auxiliary theorem). For all 0 <y <1 and ¢ > 0,
481
7.21 x —.
(7.21) (1,6 < 205

Proof. The case ¢ = 0 is immediate. Assume ¢ > 0, put u = 1/y > 1, and define

$s) = se>2, Ft,u) = o(tu) + ¢((1 — t)u).
Pairing ¢ with 1 — ¢ gives
1/2

(7.22) R(y,c) =c F(t, u)e=ct=0/2 gy,

S—

Lemma 7.4 (Right-node transport). If

—_

0§t1§t2S§7 te >0, up > 1,
then some us satisfies

2
ISUQS g, ./_'.(tl,ul)g.]:(tg,’b@).
2

Proof. Since
3
¢I(S) = 6_38/2 (1 — 28) s
the function ¢ increases up to 2/3 and decreases thereafter. Put
7(1_“)“1, B— 2.
1—1ty 3to
Both are at least one. If A < B, choose us = A. Then the tail arguments agree and

A:

2
Ogtlul StzAS g

If B < A, choose uy = B. The new head argument is 2/3, while
2
(1 — t1>ul 2 (1 — tg)B Z g
Monotonicity of the two branches of ¢ proves the claim. O

For t, = k/16, retain the exact targets

1
(7.23) (M. M) = 15555 (2871, 3398, 3869, 4260, 4553, 4755, 4872, 4911).

Let
,Ul/
T6(U) = E J

v=0
For v > 0, Taylor’s inequality gives

At the node tg, set

Then
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Consequently the desired node cap follows from positivity of
Gk(u) = MkAk(u)Bk(u) — u(thk(u) +(1- tk)Ak(u)).

Each Gy has degree at most 12. Exact conversion to Bernstein form gives strictly positive coefficients
on the following closed intervals:

k intervals Bernstein degree
1 [1,32/3] 12
2| [1,4/3], [4/3,16/3] 12
3| [1,4/3], [4/3,32/9] 12
4| [1,4/3], [4/3,8/3] 12
51 [1,4/3], [4/3,32/15] 12
6| [1,4/3], [4/3,16/9] 12
7 [1,32/21] 18
More explicitly, if
d
Gr(L+(U-L)z) =) aa”,
r=0

then the degree-d Bernstein coefficients used here are

(7.24) Bi=> a Ei; Gi(L+ (U - L)z Zﬁl( > (1—z)%.
r=0

r

Thus eleven degree-12 cells and one degree-18 elevation require 11 - 13 + 19 = 162 positive rational
coefficients. Their exact inventory and the two positive pivot differences are identified in Appendix A.
The eighth node is analytic: since

_3u d , _s, 3 3u
F(1/2,u) = ue™ /4, @(ue 3 /4)26 3u/4 (1—4),

its maximum for u > 1 occurs at u = 4/3, and therefore

960 4911
F(1/2 <— < —.
F/2u) = 3e — 1957 < 10000

The middle comparison follows, for example, from e > ZZ:O 1/k! = 685/252 > 1957/720. Lemma 7.4
now gives, for j/16 <t < (j+1)/16 and u > 1,

F(t,u) < Mj+1.
For I; = [j/16,(j + 1)/16], put
ej =j(16 —j), X =e ¢/?12
Writing 6 = 16t — j on I;, one has the exact nonnegative gap
e; +(15—25)0  6(1—0)

t(l—1t)— > 0.
( ) 256 256
Using the strict cell cap and integrating the resulting exponential chord exactly gives
.
32M ;41 , .
7.25 4 H(X H(X) =) "5 (X — X+,
(7.25) () <HX).  HOO =3 7500 )

It remains to bound H. Put
481
P(x) = 500 H(x), D = 37537500,
and let
E = {15,28,39,48, 55,60, 63},
with
(c15, Cos, €39, c48) = (8406552, 10851960, 14607320, 21272680),
(¢s5, C60, Co3) = (36104640, 80840760, 394834440).
Direct expansion gives

D2 (x) = 13120107 — > c.x® + 58990932025,
eck
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Set U = 241/248 and
A = 64589909320 U%* — > " e c U,
eckE
B =64-13120107 — » (64 — e)c U*.
ecE

Exact rational arithmetic gives
D D

A>— B> —.
125 125
For z > 0 and e € F, weighted arithmetic-geometric mean gives
e2% 4+ (64 —e) — 642° > 0.
The identity
64DP(Uz) = B+ Az% + > . U?(e2% + (64 — €) — 642°)
eckE

therefore yields

P(x) > 3000 (x> 0)
In particular H(X) < 481/500, proving (7.21). O

7.5. Analytic proof for m > 500. Three overlapping ranges cover the feasible interval.
Range I: 0 < A < 1/3. Use (7.7). Here

9 1 8 m+1 _ 501
P, r< =, @ ——<_
10 25 m—2 — 498
Also
r2 1+r

AM1—7)3 31 —r)2’
which increases with r. Therefore
m+1 a2 501275 45925
m—2A(I—r)® 498289 47974
Together with (m + 1)E7(,1) < 1, this proves (7.1) on Range I.
Range II: 1/3 < X < 60. Put

g(t) = hot + a*t(1 —t),  L=ho+ 1%@2,
$0 Ba(t) = 1 — g(t). Since By, A(t) >0,
1+ B (1) g(t)

B, (1) < —2mA g 9
Alt) < 5 5

On 0 <t <1/10,
1
ty—Lt=a’t|——t)>0.
ol0) - Lt =t (5 ) 20

0< méb(t)-

1/10 i
Cy=(m+ 1)a2m/ t( BmyA(t))m dt,
0

Thus, with b(t) =1 — Lt/2,

Split the scaled integral as

1
Cy=(m+ 1)a2m/ t( Bm7,\(t))m_1 dt.
1/10
Then (m + 1)E,,(A) = C1 4+ Cy. The elementary primitive
L*m(m + 1) / t(1— Lt/2)™ ' dt
0

=4—4(1—-Ls/2)"™(1+mLs/2)

is obtained by differentiation. Here 0 < L < 9/5, so at s = 1/10 one has 1—L/20 > 0 and 1+mL/20 > 0.
Consequently

(7.26) LC; < 4a® < 4.
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The strict inequality comes from 0 < a < 1.
For 1/10 <t < 1, the exact decomposition

01—t L 10t—1
f) = = h
9(t) 9 10 g

+ a? (t—llo) (1—1t)

shows that ¢(t) is at least any common lower bound for L/10 and hy. We use this observation twice.
Suppose first that 1/3 < A < 10. Since m > 500,
49 17
> — L>ho+ —.
‘=50 T
Moreover hy > 3/13 > 1/10 and L/10 > 281/2600 > 1/10. Hence B, A(t) < 9/10 < (19/20)2, so
B A(t) < 19/20 on the second cell. The exact identity

3 17\% 49
(1+)\)<)\+3+20> D)

1
= ()\ — 3> (289M% 4- 2526\ + 7137)

400(\ + 3)?

and (7.26) give
< B
P49 '
For 0 < p < 1 and integers k > 1, define W,(k) = k(k + 1)p*~1. Since 0 < a < 1,0 < ¢ < 1, and the
second cell has length 9/10 < 1, a uniform bound /By, x(t) < p there gives Cy < W,(m). The quotient

W,(k+1)  k+2
w,(k)

shows that Wig /90 is nonincreasing for k > 38, with equality only in the step from k = 38 to k = 39.
Since

9\ 1
( ) <3 499 = 24 - 14 + 163, 16032000 < 224,

20
we obtain
Ca < Wigyao(m) < Wig/90(500) < % < 6714
Finally,
14 1_100
49 3 64 9408 ’

so C7 + C3 < 1+ X on this subrange.

Now suppose that 10 < A\ < 60. Then
22 2 1 L 1
> — L>h - hg > — — > —.
‘=25 Zhotg  MZop 107 o
Thus By, 2 (t) < 20/21 < (41/42)?, and hence /By, A (t) < 41/42 on the second cell. This time the exact

identity is
32\
1+ ——+=] =8
(1+ )()\+3+3> ]

= (A —10)(4)\% + 32X\ + 173) 4 1307 > 0.

9(\ + 3)?

Together with (7.26), it gives
1

The sequence Wy, /45 is nonincreasing for k > 82, with equality only in the step from k = 82 to k = 83,
and

41\* 1 "
<42> <z 499=16-29+35 250500 < 4-2'C.

Therefore

250500

C2 < Wanyaa(m) < Wanya2(500) < — 35— < 4.
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Since (14 A)/2 > 11/2,
1
Cit+Ca< g1+ +4 <14\

This proves (7.1) throughout Range II, including both sides of the closed seam A = 10.
Range III: A > 60. If ma < 4, then B,, x(t) <1 gives E,,,(\) < ma?/2. Since m > 1 and a > 0,

1
mt (ma)? < (ma)? <16 < 1+ \.
m

(m+1)E,,(\) <

Assume ma > 4. Then A = m — ma < m — 4. Define

A+3
:%, c=(m—1)a®
Thus 0 < y < 1 and ¢ > 0; at the seam ma = 4, one has y = 1. From
Bpua(t) =1— [hot +a*t(1 —1t)]

and 0 < B, () < 1, the bracketed quantity lies in [0,1). Thus (1—-u)? < e #*for0 <u < 1land >0
gives

1—
Bm7,\(t)(m_1)/2 <exp |— St/y + Ct( t)

2
Proposition 7.3 gives a strict bound here; relaxing it to a weak inequality gives the quotient-free form
(7.27) 500(m — 1)2E,,(\) < 481m(\ + 3).

The exact cleared gap is
500(m — 1)*(1 + ) — 481m(m + 1)(\ + 3)
= [4010000 4 (m — 500)(19m + 8019)](\ — 60)
+ 3629000 + (m — 500)(197m + 7197) > 0.

Every term on the last two lines is nonnegative except for the displayed strictly positive constant. Mul-
tiplying (7.27) by m + 1 > 0 and using this strict gap proves

(m+1DE,(A) <1+
Thus Range III overlaps Range IT at A = 60 and includes the closed seam ma = 4.

The endpoint estimate, finite certificate, and the three large-degree ranges cover the complete feasible
domain and prove Theorem 7.1.

8. LOW DEGREES AND COMPLETION

Let 2 < n <5, put m =n — 1, and suppose that a normalized obstruction exists. Then 1 < m <4
and 0 < a < 1. Set
Xt)=a+(1—-a*t (0<t<1),
so X (t) > 0. The bounds in (5.1) give 0 < ¢(t) < X (¢) and therefore

(8.1) o) = /OlX(t)mdt:( , 1§/Olc(t)mdt§Jn(a).

Only the endpoint J5 is needed. Indeed,
(1—a)®*(1+a)
5

1+a—a*)"—a"
n(l —a?)

1—Js5(a) = (a* —3a® +3a+4) >0,

because

a*—3a® +3a+4=2+3a+ (1 —a)(2+2a+a*2—a))>0.
Put § = m/4 € (0,1]. Weighted AM-GM, applied pointwise to the nonnegative numbers 1 and X (¢)%,
gives

X =1"0(x)") <1-0+0X(t)*

Since [0, 1] has length one, integration yields
m m m
Z+1J5(Q):172
contradicting (8.1). The last strict inequality uses only m > 0 and J5(a) < 1; the weighted AM-GM step
may be an equality, notably when m = 4. No estimate X (¢) < 1 is used: in fact X(1) =1+a —a® > 1.
At the excluded boundary a = 1, the integral definition gives X = 1 and J,,(1) = 1 (the quotient form is
not used there); at the excluded boundary m = 0, one has Jy(a) = 1. Thus no normalized obstruction
exists in degrees 2 through 5.

Jo(a) <1— (1—Js(a)) <1,
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Remark 8.1 (Overlap with established low degrees). The high-degree argument starts at degree six and
therefore also covers degrees 6, 7, 8, overlapping the theorem of Brown and Xiang [2]. This is a consistency
check, not an input.

Proof of Theorem 1.1. If Sendov’s conclusion failed, Lemma 2.1 would produce a normalized obstruction
of some degree n > 2. The preceding argument excludes 2 <n < 5. If n > 6, then m =n —1 > 5, and
(6.8) is incompatible with (7.1). Hence no counterexample exists. O

APPENDIX A. EXACT COMPUTATIONAL CERTIFICATES

A.1. Scope. The supplementary exact-arithmetic programs establish exactly two terminal propositions:
(1) the finite inequality (7.19);
(2) the uniform auxiliary inequality (7.21).
They do not verify the intervening reduction from a polynomial counterexample to these propositions;
that reduction is the written mathematics in the body of this paper. Separately, the Lean 4 development
described below proves the exact statement of Theorem 1.1 by a streamlined route.

A.2. Finite certificate format and deterministic generation. Each line of data/all_005_500.txt
has the canonical form

m|lower |upper|depth

where upper is either a reduced rational or ALG. The mathematical meaning of an ordinary row is
exactly (7.11)—(7.16). The deterministic midpoint rule in Section 7.3 reconstructs the ordinary partition,
and (7.17) reconstructs the terminal algebraic sliver. All integer fields use canonical unsigned decimal
notation; every rational is reduced with a positive denominator (and is written as an integer when its
denominator is one). The rows occur in increasing degree blocks m = 5, ...,499 and in increasing interval
order within each block. Each block ends with the literal terminal row

m|lower|ALG|O
The file is ASCII with LF line endings, no blank rows, and exactly one terminal LF. It contains

16,862 = 16,367 4 495

rows and has SHA-256
4c6466£ac095ecfb880330156167ab670c7abcl4edacc84b43634c9487572d20.
The digest is an integrity check, not a substitute for the mathematical checks.

A.3. Uniform certificate formats. The compact proof in Section 7.4 uses the eight node targets in

(7.23), 162 exact positive Bernstein coefficients, two exact rational pivot inequalities, and the seven

weighted arithmetic—geometric mean gaps in the displayed sparse identity for &?. The canonical proof

object is data/uniform_compact_certificate.txt. It contains every Bernstein coefficient and both

exact positive pivot gaps, has 9,676 bytes, and has SHA-256
cd0c2£5249140df26cc26bae9b44999c79784ac085¢c12d6d6£75cbc6ee995d38.

Its 164 canonical rows have the forms

Blnode|lower|upper|degree|index|numerator|denominator
P|A_MINUS_D_OVER_125|-|-|-|-|numerator|denominator
P|B_MINUS_D_OVER_125|-|-|-|-|numerator|denominator

The first 162 rows are the Bernstein coefficients, in the cell order of the table in Section 7.4
and then increasing coefficient index; the last two rows are the exact positive differences A —
D/125 and B — D/125. Every rational field is reduced with positive denominator. The file
is ASCII, has no blank rows, uses LF line endings, and ends in exactly one LF. The program
code/sendov_compact_uniform_certificate.py reconstructs the inventory from the displayed poly-
nomials and cells, checks the Bernstein convention stated in Section 7.4, verifies all 162 strict signs, and
checks the two pivot gaps by exact rational arithmetic. The smallest coefficient is
18801820957891535725393 0
385934949170968264704000000 e
The supplementary material also provides a second exact route to the same proposition. At each
node it exhausts [1,2/(3t))] with rational boxes of width 1/1000 and checks 20,994 strict inequalities. It
then checks positivity of the same polynomial 481/500 — H using 6,500 positive Bernstein coefficients; an
alternate consumer uses an exact Sturm count. These programs are independent semantic cross-checks
sharing the node targets and the polynomial (7.25); they do not replay the compact proof above or
certify its correspondence with their own implementation.
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A.4. Reproducibility files and replay. The accompanying reproducibility archive contains the fol-
lowing principal files.

paper/ manuscript source and PDF
data/all_005_500.txt
data/uniform_compact_certificate.txt
code/sendov_compact_uniform_certificate.py
code/sendov_scalar_closure_exact_checker.py
code/sendov_finite_certificate_strict_verifier.py
code/sendov_finite_certificate_arithmetic_crosscheck.py
code/sendov_uniform_certificate_arithmetic_crosscheck.py
code/reproduce_finite_certificate.py
code/verify_release_manifest.py
code/verify_proof_inputs_manifest.py
code/check_environment.py

tests/run_mutation_tests.py

README.md

REPRODUCE. sh

checksums/PROOF_INPUTS. tsv

checksums/SHA256SUMS

ENVIRONMENT. txt

The principal commands are

python3 code/verify_release_manifest.py --root
python3 code/verify_proof_inputs_manifest.py --root

python3 code/sendov_finite_certificate_strict_verifier.py \
data/all_005_500.txt \
--expected-sha256 \
4c6466fac095ecfb880330156167ab670c7abcl4edacc84b43634c9487572d20

python3 code/reproduce_finite_certificate.py \
data/all_005_500.txt

python3 code/sendov_compact_uniform_certificate.py \
--certificate data/uniform_compact_certificate.txt

python3 code/sendov_scalar_closure_exact_checker.py uniform

python3 code/sendov_uniform_certificate_arithmetic_crosscheck.py

python3 tests/run_mutation_tests.py

The proof-input manifest checksums/PROOF_INPUTS. tsv records the byte length and SHA-256 of every
essential data or program file. Its own SHA-256 is

7£780871daba7b11£d365cfc19fdc673cd9763fa64a3a1948b50bf11558bd935.

The archive is also covered by checksums/SHA256SUMS, and its ZIP is bound by a detached SHA-256
file. The public bundle places the matching paper, this reproducibility tree, and the Lean project under
a further top-level SHA256SUMS; a detached digest binds the combined ZIP. These records identify the
intended distributed files and permit alteration detection relative to a trusted copy of the published
digests; unsigned hashes alone do not authenticate provenance. All proof comparisons are exact integer
or rational comparisons; decimal values printed in logs are diagnostics only.

A.5. Public artifacts. The paper and its supporting materials have the following permanent public
locations. The public index is https://www.proofatlas.ai/formalizations/sendov-conjecture/.
Direct links lead to the paper (PDF), the exact Lean proof dossier, the checked source at the accepted
commit, and the complete public bundle.

A.6. Lean formalization. A Lean 4 formalization of the exact statement of Theorem 1.1 has been
completed. It handles repeated roots and critical points without distinctness assumptions and includes
the closed-disk boundary cases, but uses streamlined semantic arguments rather than translating every
display in this manuscript line by line, and it does not validate the implementations of the supplementary
Python programs. Its main declaration is Sendov.sendov_conjecture : Sendov.SendovConjecture.
The accompanying Lean source is fixed by the following identifiers:


https://www.proofatlas.ai/formalizations/sendov-conjecture/
https://www.proofatlas.ai/papers/sendov-conjecture/SENDOV_CONJECTURE_PROOF_AUGUST_5_2026.pdf
https://www.proofatlas.ai/proofs/artifact.sendov.conjecture.lean-package.v001.html
https://www.proofatlas.ai/sources/sendov-conjecture/commits/f8b71644c02bf16d8e9f7e183428ac2d4b0f6bf1/
https://www.proofatlas.ai/sources/sendov-conjecture/commits/f8b71644c02bf16d8e9f7e183428ac2d4b0f6bf1/
https://www.proofatlas.ai/papers/sendov-conjecture/SENDOV_CONJECTURE_PROOF_PUBLIC_BUNDLE_2026-08-05.zip
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source commit f8b71644c02bf16d8e9f7e183428ac2d4b0f6bf1l
Lean v4.30.0-rc2
Mathlib commit 5450b53e5ddc75d46418fabb605edbf36bd0beb6b.

It includes the expanded definition of SendovConjecture, a correspondence note linking the principal
formal declarations to the proof layers above, a successful rehash build record, and the kernel report

’Sendov.sendov_conjecture’ depends on axioms:
[propext, Classical.choice, Quot.sound]

Thus the theorem depends on neither sorryAx nor a project-defined axiom. The files SendovAudit.lean,
LEAN_AUDIT.txt, and FORMALIZATION_CORRESPONDENCE.md give the corresponding commands, outputs,
and manuscript-to-Lean map.

APPENDIX B. STRICTNESS, DOMAINS, AND LEGAL OPERATIONS

The one-step normalization starts from the strict failure distance d > 1; after scaling, critical-point
separation is only the weak inequality |w; — a| > 1, while every polynomial zero lies strictly inside the
unit disk. The cleared polar product and the center and error estimates are also weak. Strictness enters
the high-degree contradiction in two places: Lemma 5.1 gives h > hy and the open feasibility bound
A < Am, while Theorem 7.1 gives the strict scalar upper bound. The obstruction inequality (6.8) is
deliberately non-strict. In low degrees, strictness comes from Js(a) < 1 with 0 < a < 1.

Every division, square root, and real power is used only after its domain has been established:

e a failure has a simple nonzero distinguished zero, so the one-step scaling is invertible and p’(a) # 0
after normalization;

e a>0,m>1,and a —w; # 0 because |a —w,| > 1; hence ¢; # 0, Q # 0, and P = |Q| > 0 before
division by P;

e 1o division by J, Z, an individual root, j = |J|, or 1 — j occurs;

e a > 0 permits evaluation at (1—a?)/a, and the polar radicand is displayed as a sum of nonnegative
terms before its square root is taken;

o all affine bases are proved nonnegative before natural powers are compared, and the denominators
in the exponential comparison are positive on their stated domains;

e By, a(t) > 0 on [0,1] before its half-integral power is used;

e the center identity (6.6) is invoked only with m(1 —a) = X and (1 — ho)(A+3) = X,

e the finite-certificate and large-degree arguments establish every denominator sign before clearing
it, and all endpoint cases specified in their closed ranges are retained.

APPENDIX C. STANDARD INPUTS

The principal standard inputs used without full first-principles proofs are: the fundamental theorem of
algebra and Gauss—Lucas; the arithmetic-geometric and quadratic-mean inequalities; Cauchy—Schwarz;
the codimension-one Maclaurin inequality for nonnegative numbers; elementary integration by parts and
beta-integral identities; elementary power-series and Taylor bounds; and the fact that positivity of all
Bernstein coefficients implies positivity on an interval. The optional computational cross-check also
uses the Sturm root-count theorem. Each input is used in the exact form stated in the body or in the
supplementary program that invokes it.
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