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Abstract. A planar worm is the image of a continuous path whose
total variation is at most one. Let M+ be the infimum of the areas of
compact convex sets that contain a rotated and translated copy of every
planar worm, and let M± be the analogous infimum when reflections are
also allowed. We prove

M±, M+ > 0.23743658;
more precisely, both quantities exceed 0.23743658226923856768. The
same pointwise bound holds under the weaker hypothesis that every
finite polygonal worm of total edge length at most one admits an allowed
rotated–translated, and if permitted reflected, copy in the cover.

The witnesses are a unit segment, an equilateral two-link worm, and
a finite achiral cap worm. Their containment gives an explicit two-angle
payoff. A finite triangle-packing theorem converts that payoff into area;
this is the concrete polygonal form of the mixed-area argument. A cal-
ibrated scalar cap distribution is then handled analytically. The first
angular slab is covered by nine exact cells and the intermediate slab by
fourteen exact cells. On each cell the required estimate reduces to end-
point bounds for a frequency-one sinusoid or to elementary monotonicity.
The calibration reduces to five real atoms; the remaining endpoint signs
use rational arithmetic, rational enclosures for π, and alternating Tay-
lor bounds. The pointwise inequalities and the final rational comparison
have also been checked in Lean.
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The mathematical claims rest on the written proof and on the accompanying
Lean 4 formalization identified in Section 9. The formalization was developed with
AI assistance and subjected to a separate adversarial audit. The Lean kernel checks
the final theorems together with every declaration in their dependency chain. The
project introduces no additional axiom and contains no unproved placeholder or
unsafe declaration. Responsibility for any remaining error in this exposition or in
the claimed correspondence with the formal artifact lies with the human author.
Formalization status: The four pointwise area theorems and their strict
published-rational corollaries have been formalized in Lean 4 against a pinned
Mathlib environment. The exact theorem names, trust boundary, source identity,
and module correspondence are recorded below.

1. Introduction

Moser’s convex worm problem asks for the least area of a compact convex
planar set that can accommodate every rectifiable path of length one. The
problem was Problem 9 in Leo Moser’s circulated 1966 list of fifty problems
and was later reproduced, with commentary, by W. O. J. Moser [5]; see also
the surveys [1, 6, 13].

For a continuous map γ : [0, 1] → R2, write

TV(γ) = sup
0=t0<···<tr=1

r∑
i=1

|γ(ti) − γ(ti−1)|.

A worm is the image of such a map with TV(γ) ≤ 1. A finite polygonal
worm is the union of the successive segments joining vertices p0, . . . , pr with∑r

i=1 |pi −pi−1| ≤ 1; traversing those segments shows that it is a worm. The
usual exact-length and the present at-most-one conventions give the same
covering infima: a shorter parametrized path can be extended to length one
by appending an out-and-back segment without removing any point of its
image. This observation does not assert that the extension is simple. The
lower-bound witnesses constructed below are simple polygonal unit arcs, so
the same lower bound also applies when the test class itself is restricted to
simple unit arcs.

A compact convex set is direct universal if every worm has a translate
of a rotated copy in it, and reflection universal if an improper rigid motion
may also be used. Prefixing either term by polygonally means that the same
placement requirement is imposed only on finite polygonal worms. Convex-
ity will be used repeatedly in the following elementary form: once an allowed
isometry places a path in a convex set, the same isometry places the convex
hull of that path there as well. Define

M+ = inf{area(C) : C is direct universal},

M± = inf{area(C) : C is reflection universal}. (1.1)
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Lemma 1.1 (Nonempty cover classes). The square [−1, 1]2 is a compact
convex direct universal set. Consequently both classes in (1.1) are nonempty,
and their area sets are bounded below by zero.

Proof. Choose a point p on a worm. Every other point of the worm is at
distance at most its total variation from p, so translating p to the origin
places the worm in the closed unit disk and hence in [−1, 1]2. □
1.1. Historical context and scope. Lower bounds have traditionally
come from finite shapes that every universal cover must contain. Wetzel
combined a unit segment with Schaer’s broadest unit curve to obtain the
earlier 0.2194 . . . bound [10, 12]. Khandhawit and Sriswasdi added an
equilateral two-link worm and a square-shaped three-link worm, raising the
bound to 0.227498 [2]. Khandhawit, Pagonakis, and Sriswasdi then used
a rectangle, the equilateral worm, the unit segment, and the broadworm
to prove 0.232239 [3]. That is the best previously published lower bound
identified in the recent survey [6].

On the covering side, Norwood, Poole, and Laidacker gave an early convex-
cover construction [7], while Norwood and Poole later improved the upper
bound for the unrestricted, not necessarily convex problem with a noncon-
vex cover [8]. For convex covers, Wetzel’s unit-radius 30◦ sector was proved
universal by Panraksa and Wichiramala [9]. A 2026 computer-assisted
preprint reports that a homothetically reduced 30◦–60◦–90◦ triangle of area
0.260956 . . . still covers every unit arc, slightly improving on the sector [14].
These upper-cover results are not inputs to the present lower bound. Com-
pactness guarantees minimizing convex bodies for both motion conventions,
but the exact values of M± and M+, the shapes of minimizers, and whether
M± = M+ remain open.

The present argument continues the finite-witness tradition but replaces
the rectangle and broadworm calculation by an achiral cap family and a finite
support-triangle packing. Its conclusion is a lower bound, not a solution of
the optimization problem.

Let

q⋆ := 23743658226923856768
1020 = 0.23743658226923856768. (1.2)

Theorem 1.2. Every compact convex polygonally reflection-universal set C
satisfies

area(C) > q⋆.

Equivalently, it is enough that each finite polygonal worm of total edge length
at most one have some rotated, translated, and possibly reflected copy in C.
Consequently the same conclusion holds for ordinary reflection- and direct-
universal sets, and

M±, M+ > q⋆.
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The proof separates cleanly into geometry, scalar analysis, and exact signs.
The geometric part is finite: no limiting curve, body-valued integral, or con-
tinuity of placements is used. The scalar design measure is approximated by
midpoint atoms, but the placement angle may change with the approxima-
tion; uniform scalar convergence is exactly what is required. The angular
analysis is also finite in structure, but not a numerical mesh: nine cells cover
the first slab and fourteen cover the intermediate slab.
Proof architecture. Normalize the independently placed unit segment and
equilateral two-link worm. Their relative angle is θ ∈ [0, π/6]. A third,
achiral cap worm has orientation ϕ. The finite packing theorem gives

FD(θ, ϕ) ≤ area(C) (1.3)
for every finite cap datum D. The calibrated scalar limit is Fµ. We prove

Fµ(θ, ϕ) ≥ T̂ (0 ≤ θ ≤ 9π/200),
use a single finite cap for 9π/200 ≤ θ ≤ π/15, and use only the first two
worms for π/15 ≤ θ ≤ π/6. Finally T̂ > q⋆.

2. Finite support geometry

For a compact convex set K and u ∈ R2, let
hK(u) = max

x∈K
〈x, u〉, wK(u) = hK(u) + hK(−u).

Both are homogeneous in u, and width is translation invariant. Write Rα

for counterclockwise rotation through α.

2.1. The polygonal support sum. Let P be a counterclockwise convex
polygon with cyclic vertices q0, . . . , qr−1. Put

ei = qi+1 − qi, ni = R−π/2ei, ai = 〈qi, ni〉, (2.1)
where indices are read modulo r. Thus ni is the raw outward normal to the
ith edge and

∑
i ni = 0. For a finite hull H, define

M(P, H) = 1
2

r−1∑
i=0

hH(ni). (2.2)

This is the usual polygonal mixed-area formula V (P, H), but the proof below
needs only the displayed finite sum; see, for example, [11, Chapter 5] for the
classical mixed-area framework.

Definition 2.1. The data (qi, ni; c) form a positive support boundary if
(i) the vertices are counterclockwise and each ni 6= 0;
(ii) si := ai − 〈c, ni〉 > 0 for every i;
(iii) no two distinct ni, nj are positive scalar multiples.
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Theorem 2.2 (Finite triangle packing). Let (qi, ni; c) be a positive support
boundary for P , let H be the convex hull of a nonempty finite set, and let C
be a compact convex set with P, H ⊂ C. Then

1
2

∑
i

hH(ni) ≤ area(C). (2.3)

ni

c

xi

qiqi+1 Ui

Vi

H

P

C

Figure 1. The finite packing in theorem 2.2. The polygon
P is partitioned into fan triangles Ui with common vertex c.
Whenever the selected support point of H lies beyond the
supporting line of an edge of P , it supplies a cap triangle Vi.
The relative placement of the dashed polygon H is illustra-
tive: the theorem assumes neither P ⊂ H nor H ⊂ P . All
displayed triangles lie in C and have pairwise disjoint interi-
ors.

Proof. For each i, set
δi = max{hH(ni) − ai, 0}.

Choose a support point xi ∈ H with 〈xi, ni〉 = hH(ni). Pack the fan triangles
Ui = conv{c, qi, qi+1}

and, when δi > 0, the support-cap triangles
Vi = conv{qi, qi+1, xi}.

They lie in C by convexity, and

area(Ui) = si

2
, area(Vi) = δi

2
. (2.4)

We record the separators explicitly. If i 6= j, set
Φij(x) = 〈x, sinj − sjni〉, κij = siaj − sjai.

The edge inequalities 〈x, nk〉 ≤ ak for x ∈ P , together with 〈qi, ni〉 =
〈qi+1, ni〉 = ai, show at the three vertices of Ui that Φij ≤ κij . (At c there is
equality because 〈c, nk〉 = ak − sk.) Interchanging i and j shows Φij ≥ κij

on Uj . The normal sinj − sjni is nonzero: otherwise the positive numbers
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si, sj would put ni, nj on the same positive ray, contrary to definition 2.1.
Hence distinct fan triangles have disjoint interiors.

For two active indices, so δi, δj > 0, use instead
Ψij(x) = 〈x, δinj − δjni〉, λij = δiaj − δjai.

At qi, qi+1 the preceding edge inequalities give Ψij ≤ λij . At the apex xi,
use

〈xi, ni〉 = ai + δi, 〈xi, nj〉 ≤ hH(nj) = aj + δj

to get the same inequality. Swapping i, j proves Ψij ≥ λij on Vj , and the
positive-ray condition again makes the separator normal nonzero. Finally
every Ui ⊂ P lies in 〈x, nj〉 ≤ aj , whereas all three vertices of an active Vj

lie in 〈x, nj〉 ≥ aj , with its apex strictly beyond the line. Thus every fan
and active cap have disjoint interiors. The whole finite family is therefore
pairwise interior-disjoint, so its areas may be summed.

Since
∑

i ni = 0, ∑
i

si =
∑

i

ai. (2.5)

Moreover hH(ni) ≤ ai + δi. Combining these facts with (2.4) gives
1
2

∑
i

hH(ni) ≤ 1
2

∑
i

(si + δi) =
∑

i

area(Ui) +
∑

i

area(Vi) ≤ area(C).

□
Remark 2.3. The separator proof is insensitive to translations of P and H.
It is the finite core of the mixed-area estimate. In particular, no appeal
to differentiability of parallel volume or to a general Minkowski-integral
theorem is hidden in theorem 2.2.

3. The three witness families

Put eα = (cos α, sin α). Our first two witnesses are
S = [0, e0], Eθ = conv{0, 1

2eθ, 1
2eθ+π/3}. (3.1)

The generating open path visits these three displayed vertices in order. Its
first increment is 1

2eθ, and its second is
1
2(eθ+π/3 − eθ) = 1

2eθ+2π/3.

Thus both links have length 1/2, the open path has length one, and its hull
is an equilateral triangle of side 1/2 (whose full boundary has perimeter 3/2).
Both this two-link set and the unoriented segment are achiral.

Here is the normalization used below. Reversing the segment carrier
changes its orientation by π, while a proper third-turn symmetry rebases
the equilateral carrier by 2π/3. Applying both rebases k times changes
the relative parameter by kπ/3 without changing either placed carrier ex-
cept for translation. Hence the signed relative angle has a representative in
[−π/6, π/6]. If it is negative, reflect the entire cover together with the two
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already placed carriers and then rebase them as above; the exact identity
for reflection in the horizontal axis is

JEθ = E−θ−π/3.

Area and either universality property are preserved, and the relative class
changes sign. We may therefore assume

0 ≤ θ ≤ π

6
. (3.2)

The support function of the equilateral hull is

hEθ
(eγ) = 1

2
Mθ(γ), Mθ(γ) = max{0, cos(θ−γ), cos(θ+π/3−γ)}. (3.3)

Let Aθ be the larger of the widths of S and Eθ in the direction eϕ+π/2.
Taking pairwise projection differences between the three equilateral vertices
gives

Aθ(ϕ) = max
{

| sin ϕ|, 1
2

max{| sin(θ − ϕ)|, | sin(θ − ϕ + π/3)|,

| cos(θ − ϕ + π/6)|}
}

.
(3.4)

3.1. Cap worms. For a > 0 and 0 < β < π/2, let
T (a, β) = conv{0, aeβ, aeβ + ae−β}.

For m, w0, . . . , wN > 0 with m+
∑

j wj = 1, and θ < b0 < · · · < bN < θ+π/2,
put

Kθ,D = [0, me0] +
N∑

j=0
T (wj/2, bj − θ), D = (m; (wj , bj)N

j=0). (3.5)

Lemma 3.1 (Atomic cap worm). Kθ,D is the convex hull of a simple polyg-
onal path of total edge length one. The path is directly congruent to its
mirror image. If p0, . . . , pM are its successive vertices, then the cyclic list
pM , pM−1, . . . , p0 followed by the closing edge back to pM , after removal of
repeated collinear vertices, is a positive support boundary. One may take as
strict center the barycenter of p0, pM , and any positive-height peak vertex.

Proof. Use successive directions
bN − θ, . . . , b0 − θ, 0, −(b0 − θ), . . . , −(bN − θ)

and link lengths
wN

2
, . . . ,

w0
2

, m,
w0
2

, . . . ,
wN

2
.

Their sum is one. Every direction lies strictly between −π/2 and π/2,
so the first coordinate increases strictly and the path is simple. Write
vk = pk+1 − pk for these increments. Their arguments strictly decrease ex-
cept where collinear zero-length repetitions have already been removed, so
p0, . . . , pM is the upper convex chain between its endpoints; the horizontal
segment [pM , p0] is the lower hull edge. Equivalently, the counterclockwise
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hull boundary is the reverse prefix list pM , pM−1, . . . , p0 and then the closing
chord. The boundary edges of a Minkowski sum of polygons are obtained
by merging the two boundary edge lists in angular order. Applying that
elementary rule to the central segment and the N + 1 triangles shows that
this hull is exactly (3.5).

The increment list is symmetric about its central horizontal link. Reflec-
tion in the vertical line through the midpoint of p0pM therefore reverses
the vertex list and preserves the path as a set. Horizontal reflection is the
composition of that symmetry with a half-turn about the same midpoint, so
the mirror path is a rotated and translated copy of the original.

At least one positive link occurs before the central segment, so the chain
has a positive-height vertex. The barycenter of that vertex with the two
distinct endpoints lies in the interior of their nondegenerate triangle and
hence in the interior of the full hull. It is therefore strictly inside every
hull supporting half-plane, giving positive fan slacks. Strict bend ordering
gives distinct edge directions after collinear deletion, so distinct raw outward
normals lie on distinct positive rays. These are exactly the conditions in
definition 2.1. □

(a) Unit segment S

1

(b) Two-link worm Eθ

1
2

1
2

edge directions θ, θ + 2π/3

(c) Atomic cap worm
m

wj/2

closing chord (dashed): hull edge, not part of the worm

Figure 2. The three finite witness geometries. Solid blue
edges form the polygonal worms and have total length one.
Pale regions show their convex hulls. In (b) and (c), the
dashed closing chord is introduced only when the convex hull
is taken; it contributes no length to the worm.

For 0 ≤ β ≤ π/2, define
Qβ(ϕ) = max{2 cos β | sin ϕ|, | sin(ϕ + β)|, | sin(ϕ − β)|}, (3.6)

Pθ,β(ϕ) = cos β Mθ(ϕ − π/2) + 1
2Mθ(ϕ + π/2 − β) + 1

2Mθ(ϕ + π/2 + β),
(3.7)

Bθ,β(ϕ) = max{Qβ(ϕ), Pθ,β(ϕ)}. (3.8)
For a compact convex set X, write

CX,β(ϕ) = 2 cos β hX(eϕ−π/2) + hX(eϕ+π/2−β)
+ hX(eϕ+π/2+β).

(3.9)
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For the segment identity, the substitution contains a useful cancellation.
Since hS(eγ) = max{0, cos γ}, put

ξ0 = 2 cos β sin ϕ, ξ− = − sin(ϕ − β), ξ+ = − sin(ϕ + β).
The three numbers are the horizontal components of the three weighted raw
normals in (3.9), and ξ0 +ξ− +ξ+ = 0. For any three real numbers with zero
sum, the sum of their positive parts is their largest absolute value. Hence

CS,β(ϕ) = max{0, ξ0} + max{0, ξ−} + max{0, ξ+}
= max{|ξ0|, |ξ−|, |ξ+|} = Qβ(ϕ).

Direct substitution of the three vertices of Eθ gives the other identity, so
CS,β(ϕ) = Qβ(ϕ), CEθ,β(ϕ) = Pθ,β(ϕ). (3.10)

Thus B is the larger of the two available cap support sums.

Theorem 3.2 (Finite cap-worm master inequality). Suppose a compact con-
vex set C contains independently placed direct copies of S, Eθ, and Kθ,D. If
ϕ is the orientation of the last copy after normalizing the first two, then

FD(θ, ϕ) := m

2
Aθ(ϕ) + 1

4

N∑
j=0

wjBθ,bj−θ(ϕ) ≤ area(C). (3.11)

The translations of the three copies are arbitrary and independent.

Proof. Let H be the convex hull of the placed copies of S and Eθ, and let
P be the placed copy of Kθ,D. Expanding the raw-edge support sum of P
gives

M(P, H) = m

2
wH(eϕ+π/2) + 1

4
∑

j

wjCH,bj−θ(ϕ),

where C is the sum over the three raw normals of the corresponding cap.
Support monotonicity yields

wH(eϕ+π/2) ≥ Aθ(ϕ), CH,β(ϕ) ≥ max{Qβ(ϕ), Pθ,β(ϕ)}.

Translations disappear because each edge-normal list sums to zero. Con-
sequently FD ≤ M(P, H). Now use lemma 3.1 and theorem 2.2, since
P, H ⊂ C. □

For polygonally reflection-universal C, an improper placement of an
atomic cap worm is directly congruent to a direct placement by lemma 3.1.
Thus the same master inequality applies after the normalization (3.2).

4. Calibration and the scalar limit

Fix the exact terminating decimals, in radians,
bL = 1.4056152148786244461, bR = 1.4572468649637707968. (4.1)

Let m, aL, aR, λ be the unique solution of
m + aL + aR + λ(bR − bL) = 1, (4.2)
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0 =
√

3
4

m + 1
4

cos(π/6 − bL)aL + 1
8

sin bR aR

+
(1

4
sin(π/6 − bL) − 1

8
cos bR

)
λ, (4.3)

0 = 1
4

m + 1
4

sin(π/6 − bL)aL + 1
8

cos bR aR

+
(

−1
4

cos(π/6 − bL) + 1
8

sin bR

)
λ, (4.4)

0 =
√

3m

8
+ 1

4
aL sin bL + 1

4
aR sin bR

+ λ

4
(cos bL − cos bR) −

√
3

8
λ. (4.5)

These four equations determine the four masses. Define

Tc =
√

3
8

λ. (4.6)

Set
µ = aLδbL

+ aRδbR
+ λ1[bL,bR](b) db. (4.7)

For this choice define

Fµ(θ, ϕ) = m

2
Aθ(ϕ) + 1

4

∫
Bθ,b−θ(ϕ) dµ(b). (4.8)

Also set θ0 = 9π/200 = 8.1◦ and

T̂ = m

4
+ 1

4

∫
sin(b + π/6) dµ(b). (4.9)

Proposition 4.1 (Exact calibration signs). The system (4.2)–(4.5) is non-
singular and

m, aL, aR, λ > 0, m + µ(R) = 1,

q⋆ < T̂ < Ttr, T̂ < Tc, Ttr := 23743659
108 .

In particular
T̂ = 0.2374365822692385676806190733468459100131 . . . .

Proof. Let A be the coefficient matrix in (4.2)–(4.5), let ∆ = det A, and
let Ni be the four Cramer numerators. After clearing denominators, the
required statements are

∆ > 0, Ni > 0, q⋆∆ < NT < Ttr∆, NT < Nc,

where NT and Nc are the corresponding cleared numerators for T̂ and Tc.
Every expression is a rational polynomial in only

√
3, sin bL, cos bL, sin bR, cos bR. (4.10)
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Alternating Taylor bounds with rational remainders enclose these five atoms;
interval evaluation of the displayed polynomials gives strict rational separa-
tion from zero. The reproducible arithmetic proof is described in appen-
dix A, and the same inequalities are checked in the accompanying Lean
formalization. No independently rounded decimal parameter box is used in
the proof. □
4.1. Finite midpoint witnesses. For an integer n ≥ 1, put D = bR − bL,
hn = D/n, and cj,n = bL + (j + 1/2)hn. Define

µn = aLδbL
+ aRδbR

+ λhn

n−1∑
j=0

δcj,n . (4.11)

The exact endpoint comparisons give, for 0 ≤ θ ≤ θ0,

θ ≤ θ0 < bL < c0,n < · · · < cn−1,n < bR <
π

2
≤ θ + π

2
.

Together with the positivity in proposition 4.1, this verifies all strict bend
and weight hypotheses of lemma 3.1; the mass of (4.11) is 1 − m. Thus it
defines a genuine finite unit cap worm, not merely a formal quadrature rule.
Since b 7→ Bθ,b−θ(ϕ) is 2-Lipschitz on the relevant domain, the midpoint
estimate gives, uniformly in 0 ≤ θ ≤ θ0 and ϕ ∈ R,

Fµn(θ, ϕ) ≥ Fµ(θ, ϕ) − λD2

8n
. (4.12)

For clarity, the Lipschitz constant and error coefficient can be checked di-
rectly. Each sine or cosine branch of Q is 2-Lipschitz in its bend argument.
The three summands of P have constants at most 1, 1/2, 1/2: 0 ≤ Mθ ≤ 1,
and a maximum of cosine branches is 1-Lipschitz. A finite maximum pre-
serves a common Lipschitz constant, so B = max(Q, P ) is 2-Lipschitz. On
a cell of width hn and midpoint c,∣∣∣∣hnf(c) −

∫
cell

f(b) db

∣∣∣∣ ≤ 2
∫

cell
|b − c| db = h2

n

2
.

Summing n cells gives D2/(2n), and the coefficient λ/4 in (4.8) yields (4.12).

Lemma 4.2 (Scalar limit bridge). If Fµ(θ, ϕ) ≥ L for all 0 ≤ θ ≤ θ0
and all ϕ, then every polygonally reflection-universal compact convex C with
normalized relative angle in this slab satisfies area(C) ≥ L.

Proof. For every n, universality supplies a placement angle ϕn for the finite
worm associated to µn. By theorem 3.2 and equation (4.12),

area(C) ≥ Fµn(θ, ϕn) ≥ L − λD2

8n
.

Let n → ∞. No convergence of the angles ϕn is needed. □
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5. A one-dimensional analytic engine

All angular estimates below use the same elementary observation.

Lemma 5.1 (Short-arc interpolation). Let f(x) = a cos x + b sin x. If 0 <
β − α < π and f(α), f(β) ≥ L > 0, then f(x) ≥ L for α ≤ x ≤ β.

Proof. The exact identity
sin(β − α)f(x) = sin(β − x)f(α) + sin(x − α)f(β)

follows by expanding the sine differences. All three sine factors are nonneg-
ative, and

sin(β − x) + sin(x − α) − sin(β − α) = 4 sin β − x

2
sin x − α

2
sin β − α

2
≥ 0.

Since sin(β − α) > 0, the conclusion follows. □
We will repeatedly select one explicit branch from a maximum. Such

a selected branch is a lower bound, and after trigonometric expansion it
is always of the form in lemma 5.1. This makes the cell proofs endpoint
arguments, not interval searches.

6. The first angular slab

Throughout this section 0 ≤ t ≤ θ0. Define

g−(x) = m

4
cos(π/6 + x) + 1

4

∫
sin(b + x) dµ(b),

g0(x) = m

4
cos(x − π/6) + 1

4

∫
sin(b + x) dµ(b), (6.1)

g+(x) = m

2
sin x + 1

4

∫
sin(b + x) dµ(b).

Direct branch selection in equations (3.4), (3.6) and (3.8) gives

Fµ(t, t + x) ≥


g−(x), −11π/225 ≤ x ≤ 0,

g0(x), 0 ≤ x ≤ π/6,

g+(x), π/6 ≤ x ≤ π/3.

(6.2)

Here are the selections. With ϕ = t+x, every cap uses the term | sin(ϕ+b−
t)| = sin(b + x) from Qb−t. On the first two intervals the equilateral-width
terms in At are respectively 1

2 cos(π/6 + x) and 1
2 cos(π/6 − x). On the

third interval the segment term gives | sin(t + x)| = sin(t + x) ≥ sin x. All
displayed sine and cosine representatives are nonnegative on their assigned
domains. These choices give (6.2), which is independent of t.

The calibration equations and exact signs give
g−(−11π/225) > 0.2374445770286564344 > T̂ ,

g−(0) = g0(0) = Tc > T̂ , g0(π/6) = g+(π/6) = T̂ ,

g+(π/3) > 0.24478031638341110967 > T̂ .

(6.3)
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The terminating decimal lower bounds here and below denote exact ratio-
nals; their certification is recorded in proposition 9.1 and appendix A. Thus
lemma 5.1 proves the side estimate on the entire interval in (6.2).

6.1. The cusp. Put c = ϕ − π/6 and p = c − b. On the direct cusp strip
the segment term gives At(ϕ) ≥ sin ϕ. In the cap payoff, direct substitution
in equations (3.6) and (3.7) gives

Bt,b−t(c + π/6) ≥ max
{

sin(π/6 + t + p), 1
2

cos p

}
. (6.4)

Indeed the first term is the | sin(ϕ − (b − t))| branch of Q on this strip, and
selecting one vertex in each of the three Mt terms in P simplifies their sum
to 1

2 cos p. The first branch increases with t, and at t = 0 its difference from
the second is

√
3

2 sin p. Thus it is valid to use the sine branch when b ≤ c
and the half-cosine branch when b ≥ c. On bL ≤ c ≤ bR this gives

G(c) = m

2
sin(c + π/6) + aL

4
sin(c + π/6 − bL) + aR

8
cos(c − bR)

+ λ

4

∫ c

bL

sin(c + π/6 − b) db + λ

8

∫ bR

c
cos(c − b) db. (6.5)

Direct integration and angle addition give

G(c) =
√

3
8

λ + α sin c + β cos c,

where α and β are exactly the left sides of (4.3) and (4.4). Hence G(c) = Tc
and

Fµ(t, c + π/6) ≥ G(c) = Tc. (6.6)
On the outer pieces define

GL(c) = m

2
sin(c + π/6) + 1

8

∫
cos(c − b) dµ(b), (6.7)

GR(c) = m

2
sin(c + π/6) + 1

4

∫
sin(c + π/6 − b) dµ(b). (6.8)

Then Fµ ≥ GL on 55◦ ≤ c ≤ bL and Fµ ≥ GR on bR ≤ c ≤ 110◦. Moreover

GL(55◦) > 0.2379407624768758532 > T̂ , GL(bL) = Tc,

GR(bR) = Tc, GR(110◦) > 0.2474274995343918087 > T̂ .
(6.9)

Short-arc interpolation proves the direct cusp 85◦ ≤ ϕ ≤ 120◦.
For completeness, the second cusp is not being inferred from a symmetry

that Fµ does not possess. For 220◦ ≤ ϕ ≤ 275◦, set c = 2π − ϕ − π/6 and
again p = c − b. The cap branches are now sin(π/6 + t + p) from Q and
1
2 cos(2t + p) from P . If p ≥ 0, the sine branch at t = 0 dominates and
increases with t. If p ≤ 0 and t ≤ −p, then |2t + p| ≤ |p|, so the cosine
branch is at least 1

2 cos p; if t ≥ −p, the sine branch is at least 1/2 and again
dominates 1

2 cos p. Also At(ϕ) ≥ | sin ϕ| = sin(c + π/6). The same three
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functions GL, G, GR, with c traversed in reverse, therefore prove the entire
220◦–275◦ cusp.

6.2. The extended opposite strip. The lower functional

F Q
µ (t, ϕ) = m

2
At(ϕ) + 1

4

∫
Qb−t(ϕ) dµ(b) (6.10)

satisfies F Q
µ ≤ Fµ and is π-periodic in ϕ. This π-periodicity is asserted only

for the Q-minorant, not for the full P - or B-payoff.
Write

u = 11π

225
= 8.8◦, v = π

6
− u = 53π

450
= 21.2◦, ϕ = t + 5π

6
+ y.

For −π/6 − t ≤ y ≤ v, branch selection gives
F Q

µ (t, ϕ) ≥ L(t, y), (6.11)
where

L(t, y) = m

2
max

{
sin(π/6 − t − y), 1

2
cos y

}
+ 1

4

∫
sin(5π/6 − b + 2t + y) dµ(b), (6.12)

Ls(t, y) = m

2
sin(π/6 − t − y) + 1

4

∫
sin(5π/6 − b + 2t + y) dµ(b),

Lc(t, y) = m

4
cos y + 1

4

∫
sin(5π/6 − b + 2t + y) dµ(b).

There is a unique switch y∗(t) ∈ [−t, 0] at which the two displayed central
branches agree. To see this without a numerical root search, put

dt(y) = sin(π/6 − t − y) − 1
2 cos y.

On the full rectangle in (6.11), 0 ≤ π/6 − t − y ≤ π/3 and y ≤ v < π/2.
Consequently

d′
t(y) = − cos(π/6 − t − y) + 1

2 sin y ≤ −1
2 + 1

2 sin v < 0.

Moreover

dt(−t) = 1 − cos t

2
≥ 0, dt(0) = sin(π/6 − t) − 1

2
≤ 0.

Strict decrease gives the asserted unique switch (at the common endpoint 0
when t = 0).

Introduce the simpler switch minorant

ℓ(t) = m

4
cos t + 1

4

∫
sin(5π/6 − b + t) dµ(b). (6.13)

At the switch, L(t, y∗(t)) ≥ ℓ(t): the switch equation and −t ≤ y∗(t) ≤ 0 give
cos y∗(t) ≥ cos t and 2t + y∗(t) ≥ t. For every b ∈ [bL, bR], both arguments
5π/6 − b + s with t ≤ s ≤ 2t lie strictly between 0 and π/2; hence their
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sine is increasing. This proves the cap comparison as well. Exact endpoint
estimates give

ℓ(0) = T̂ , ℓ(θ0) > 0.2440321025435 > T̂ , ℓ(t) ≥ T̂ (0 ≤ t ≤ θ0).
(6.14)

The function ℓ is itself a frequency-one sinusoid. Hence the last conclusion
follows from the two displayed endpoint values and lemma 5.1.

At the two outer edges,
Ls(t, −π/6 − t) ≥ g+(π/3 − t), (6.15)

Lc(t, v) ≥
{

g0(u − 2t), 0 ≤ t ≤ u/2,

g−(u − 2t), u/2 ≤ t ≤ θ0.
(6.16)

These identities follow by substituting the endpoint and choosing the in-
dicated term of the maximum; the cap sine arguments reduce to those in
equation (6.1). The right sides are at least T̂ by the side estimate. For
fixed t, both Ls(t, ·) and Lc(t, ·) are frequency-one sinusoids. Interpolating
Ls from the left edge to y∗(t) and Lc from y∗(t) to the right edge proves

F Q
µ (t, t + 5π/6 + y) ≥ T̂ (−π/6 − t ≤ y ≤ v). (6.17)

6.3. The two broad gaps. For π/3 ≤ x ≤ 17π/36 − t, put

R1(t, x) = m

2
sin(x + t)

+ 1
4

∫ (
cos(b − t) sin x + 1

2
cos(x + t + π/6 − b)

)
dµ(b).

(6.18)

Then Fµ(t, t + x) ≥ R1(t, x), and

R1(t, π/3) ≥ g+(π/3) > T̂ , R1(t, 17π/36 − t) ≥ GL(55◦) > T̂ . (6.19)
Here At(t + x) supplies the segment branch sin(t + x); choosing explicit
vertices in the three terms of Pt,b−t(t+x) gives the integrand in (6.18). Thus
the displayed inequality is a termwise consequence of the defining maxima,
not an additional estimate. For the reflected gap, π/3 ≤ z ≤ 17π/36, put

R3(t, z) = m

2
sin z + 1

4

∫ (1
2

sin(z + b) + 1
2

cos(z + 2t − b − π/6)
)

dµ(b).
(6.20)

Here the segment branch of At(2π −z) and the corresponding three selected
vertices of P give Fµ(t, 2π − z) ≥ R3(t, z), with

R3(t, π/3) ≥ g+(π/3), R3(t, 17π/36) ≥ GL(55◦).
Both R1 and R3 are frequency-one sinusoids in the interval variable;
lemma 5.1 closes the gaps.
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6.4. The exact nine-cell cover. The preceding arguments fit together
without a mesh. The rows below are closed intervals and neighboring rows
overlap only at endpoints. Either row may be used at a shared endpoint;
uniqueness is neither claimed nor needed.

cell interval for ϕ estimate
S0 [0, t + π/3] side
D1 [t + π/3, 17π/36] R1
C0 [17π/36, 2π/3] direct cusp
O0 [2π/3, t + π − u] extended opposite
S1 [t + π − u, 11π/9] side, shifted by π in F Q

µ

C1 [11π/9, 55π/36] reflected cusp
D3 [55π/36, 5π/3] R3
O1 [5π/3, t + 2π − u] opposite, shifted by π in F Q

µ

S2 [t + 2π − u, 2π] side, shifted by 2π

Proposition 6.1 (First slab). For 0 ≤ t ≤ θ0 and every ϕ ∈ R,
Fµ(t, ϕ) ≥ T̂ .

Proof. Reduce ϕ modulo 2π and use the cell containing it. The side and cusp
cells were proved above. On O0, O1, S1, use Fµ ≥ F Q

µ and the π-periodicity
of F Q

µ ; on S2, use the 2π-periodicity of Fµ. The two remaining cells are
(6.18) and (6.20). □
Corollary 6.2. If the normalized relative angle of S and Eθ in a polygonally
reflection-universal compact convex set C lies in [0, θ0], then area(C) ≥ T̂ .

Proof. Combine proposition 6.1 and lemma 4.2. □

7. The intermediate slab

For θ0 ≤ θ ≤ π/15, use the single-cap datum

m3 = 1
3

, w3 = 2
3

, b = π

2
, β = π

2
− θ.

The resulting finite payoff is

F3(θ, ϕ) = 1
6

(
Aθ(ϕ) + Bθ,π/2−θ(ϕ)

)
. (7.1)

The associated cap worm is finite, strict, and achiral, so theorem 3.2 applies
directly.

Put

h(x) = 1
2

cos(π/6 − x) + cos x, (7.2)

g(θ, x) = sin(θ + x) + cos x,

j(θ, x) = 1
2

sin(2π/3 − 2θ − x) + cos x.

We need the lower level 6Ttr = 1.42461954.
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Lemma 7.1 (Staircase envelope). For θ0 ≤ θ ≤ π/15 and 0 ≤ x ≤ π/6,
max{h(x), g(θ, x)} ≥ 6Ttr. (7.3)

On each of the following rows,
max{g(θ, x), j(θ, x)} ≥ 6Ttr : (7.4)

θ range cut c proof intervals
[9π/200, 17π/360] 4307π/36000 j on [0, c], g on [c, π/6]
[17π/360, π/18] 209π/1800 j on [0, c], g on [c, π/6]

[π/18, π/15] 19π/180 j on [0, c], g on [c, π/6]

Proof. Let s = 359π/3000 = 21.54◦. For (7.3), use h on [0, s] and g on
[s, π/6]. For (7.4), use the cuts displayed in the table and, when convenient,
subdivide the g interval once at s. Each selected function is a frequency-
one sinusoid in x, so lemma 5.1 reduces its interval to its two endpoints.
Moreover g(θ, x) is increasing in θ on this rectangle, while the needed j cut
values are minimized at the upper endpoint of each displayed θ row. The
nontrivial adjacent endpoint pairs are the following exact expressions:

case left selected endpoint right selected endpoint

h/g 1
2 cos 47π

1000 + cos 359π
3000 sin 247π

1500 + cos 359π
3000

row 1 sin 5927π
36000 + cos 4307π

36000
1
2 sin 16293π

36000 + cos 4307π
36000

row 2 sin 49π
300 + cos 209π

1800
1
2 sin 791π

1800 + cos 209π
1800

row 3 sin 29π
180 + cos 19π

180
1
2 sin 77π

180 + cos 19π
180

The two entries in the first two rows exceed 17808/12500 + 10−5, those in
row 2 exceed 57/40 + 10−5, and those in row 3 exceed 143/100 + 10−5. All
three floors exceed 6Ttr = 1.42461954. At the outer endpoints x = 0 and
x = π/6, the coarser inequalities in proposition 9.1 give still larger bounds.
This proves both envelopes on every subinterval, with the Taylor certificates
for the displayed values recorded in appendix A. □

The remaining cells use the following explicit lower envelopes:

r0(d) = 1
2

sin(π/3 + d) + cos d, (7.5)

r2(θ, x) = sin(2π/3 + x) + sin(π/6 + θ + x),

r3L(θ, d) = cos d + 1
2

sin(2π/3 − 2θ + d),

r5(θ, z) = cos z + 1
2

sin z + 1
2

cos(2θ − z − π/6),

r6(θ, y) = 1
2

sin(π/3 + θ + y) + cos(θ − y).
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Lemma 7.2 (Residual envelopes). For θ0 ≤ θ ≤ π/15, every residual enve-
lope used in the cell ledger below is at least 6Ttr on its displayed parameter
interval.

Proof. The parameter intervals are
r0 r2 r3L r5 r6

variable d ∈ [0, θ] x ∈ [0, π/6 − θ] d ∈ [0, θ] z ∈ [0, π/6] y ∈ [0, θ].
For r0, lemma 5.1 applies between d = 0 and d = θ; the first endpoint is
1 +

√
3/4, and the second is the common floor

cos θ + 1
2

sin(π/3 + θ) ≥ 6Ttr.

The two endpoints of r2 are equal, after sin(π − x) = sin x, to
√

3
2

+ sin(π/6 + θ) ≥ 6Ttr.

For r3L, use
cos d ≥ cos θ, sin(2π/3 − 2θ + d) = sin(π/3 + 2θ − d) ≥ sin(π/3 + θ).

For r6, both terms are componentwise bounded below in the same way:
cos(θ − y) ≥ cos θ and sin(π/3 + θ + y) ≥ sin(π/3 + θ). All angles here stay
in the monotonicity ranges [0, π] for cosine and [0, π/2] for sine.

The function r5(θ, ·) is a frequency-one sinusoid. At z = 0 and z = π/6,
respectively, the two nonconstant cosine terms are controlled by

cos(2θ − π/6) >
24
25

, cos(2θ − π/3) >
18
25

;

together with
√

3 > 433/250, these endpoint values exceed 6Ttr, and
lemma 5.1 closes the interval. The remainder of the R5 cell, after z = π/6,
is handled by g. On every long g interval its two endpoints are the already
certified value at π/6 and the second common floor above. The coarse
rational inequalities used in these comparisons are listed in proposition 9.1.
Thus no two-dimensional subdivision or numerical sampling remains. □
7.1. The fourteen-cell ledger. The following closed cells cover one 2π
period; adjacent cells may share an endpoint. The last column gives a
quantity no larger than Aθ + Bθ,π/2−θ after selecting explicit branches from
the defining maxima.
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cell interval for ϕ parameter lower envelope

R0 [0, θ] d = θ − ϕ r0(d)
L1 [θ, θ + π/6] x = ϕ − θ max(h, g)
R1 [θ + π/6, π/3] x = ϕ − θ g

L4− [π/3, π/2] x = π/2 − ϕ max(h, g)
L2 [π/2, 2π/3] x = ϕ − π/2 max(h, g)
R2 [2π/3, 5π/6 − θ] x = ϕ − 2π/3 r2
L3 [5π/6 − θ, π − θ] x = π − θ − ϕ max(g, j)
R3 [π − θ, π + θ] split at π r3L or shifted r0
L′

1 [π + θ, 7π/6 + θ] x = ϕ − π − θ max(h, g)
R4 [7π/6 + θ, 4π/3] x = ϕ − π − θ g

L4+ [4π/3, 3π/2] x = 3π/2 − ϕ max(g, j)
R5 [3π/2, 11π/6 − θ] z = ϕ − 3π/2 r5 or g

L′
3 [11π/6 − θ, 2π − θ] x = 2π − θ − ϕ max(g, j)

R6 [2π − θ, 2π] y = 2π − ϕ r6

The next table records the standard branch origins used by the ledger; the
three cells around odd multiples of π/2 use alternate origins recorded im-
mediately afterward. “Triangle base” and “triangle right” refer to the corre-
sponding terms in equation (3.4); Q and P refer to equations (3.6) and (3.7).

form branch of Aθ lower branch of B

h 1
2 cos(π/6 − x) (triangle base) cos x from Q

g sin(θ + x) (segment) cos x from Q

j 1
2 sin(2π/3 − 2θ − x) (triangle
right)

cos x from Q

r0
1
2 sin(π/3 + d) (triangle right) cos d from Q

r2 sin(2π/3 + x) (segment) sin(π/6 + θ + x) from Q

r3L
1
2 sin(2π/3 − 2θ + d) (triangle
right)

cos d from Q

r5 cos z (segment) 1
2 sin z + 1

2 cos(2θ − z − π/6)
from P

r6
1
2 sin(π/3 + θ + y) (triangle right) cos(θ − y) from Q

For r5, the omitted first summand of P is nonnegative. On the portion of
R5 after z = π/6, the segment and Q branches instead give g(θ, z). On L1
the two choices h and g share the same Q term; on L3 the choices g and
j share it. For L′

1, L′
3, and R4, the same literal selections apply after the

table’s change of variable and | sin(x + π)| = | sin x|.
The cells L4−, L2, L4+ use the same envelopes but different branch origins.

On each of them, with x as defined in the cell ledger, the segment branch
of Aθ is | sin ϕ| = cos x, while an appropriate branch of Qπ/2−θ is sin(θ + x).
Thus the envelope g is valid on all three cells, with the roles of its two
summands exchanged from the standard row of the branch table. On L4−,
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where x = π/2 − ϕ, the second summand of P gives
1
2

Mθ(ϕ + θ) = 1
2

max{0, sin x, cos(π/6 − x)} ≥ 1
2

cos(π/6 − x),

so the envelope h is valid there. On L4+, where x = 3π/2 − ϕ, the third
summand of P gives

1
2

Mθ(ϕ + π − θ) ≥ 1
2

cos(2θ + x − π/6) = 1
2

sin(2π/3 − 2θ − x),

which supplies the non-cos x term of j.
Finally, on L2, where x = ϕ − π/2, selecting one branch from each of the

three summands of P gives

Pθ,π/2−θ(ϕ) ≥ sin θ cos(x − θ) + 1
2

cos(x + π/6) + 1
2

max{0, sin(x − 2θ)}

≥ 1
2

sin x + 1
2

cos(x + π/6) = 1
2

cos(π/6 − x).

Here the second inequality uses sin x − sin(x − 2θ) = 2 sin θ cos(x − θ) and
max{0, u} ≥ u. Together with the segment contribution cos x, this proves
the h envelope on L2. Since a maximum is at least every one of its entries, all
these branch selections remain valid before any absolute value is simplified.

On the left half of R3 take d = ϕ − π + θ in r3L; on the right take
d = π+θ−ϕ in the π-shifted copy of r0. This verifies every row algebraically;
the table is not a numerical assertion.

Proposition 7.3 (Intermediate slab). For θ0 ≤ θ ≤ π/15 and every ϕ ∈ R,
F3(θ, ϕ) ≥ Ttr > T̂ .

Proof. Reduce ϕ modulo 2π and select its row in the fourteen-cell ledger.
The low cells are covered by lemma 7.1; the residual cells by lemma 7.2.
Hence Aθ + Bθ,π/2−θ ≥ 6Ttr, and (7.1) gives the result. The strict final
comparison is proposition 4.1. □

8. The large-angle range and the area theorem

For the independently placed segment and equilateral worm alone, the
same finite packing argument gives

area(C) ≥ 1
4

cos(π/6 − θ). (8.1)

Indeed, the counterclockwise vertex order in (3.1), with the barycenter as
c, has slack

√
3/24 at each of its three raw edge normals; those normals are

nonzero and lie on distinct positive rays. It is therefore a positive support
boundary. After rotation by θ, the horizontal components of its raw outward
normals are

1
2

sin θ,
1
2

cos(θ + π/6), 1
2

cos(θ + 5π/6).
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For π/15 ≤ θ ≤ π/6, the first two are nonnegative and the third is nonposi-
tive. Since the normalized segment has support hS(x1, x2) = max(0, x1), its
mixed support sum against this boundary is

1
2

(1
2

sin θ + 1
2

cos(θ + π/6)
)

= 1
4

cos(π/6 − θ).

Translations do not change the sum because the raw normals add to zero.
Applying theorem 2.2 gives (8.1).

Proposition 8.1 (Large angles). If π/15 ≤ θ ≤ π/6, then
1
4

cos(π/6 − θ) > T̂ .

Proof. Put x = π/6 − θ. Then 0 ≤ x ≤ π/10, and cos x is decreasing as a
function of x on this interval. Its minimum therefore occurs at x = π/10, so
it is enough to check 1

4 cos(π/10) > T̂ , an exact Taylor comparison included
in proposition 9.1. □
Proof of theorem 1.2. Normalize the placed copies of S and Eθ, so 0 ≤ θ ≤
π/6.

If 0 ≤ θ ≤ θ0, then corollary 6.2 gives area(C) ≥ T̂ . If θ0 ≤ θ ≤
π/15, universality supplies the finite one-cap worm used in equation (7.1);
by theorem 3.2 and proposition 7.3, area(C) ≥ Ttr > T̂ . If π/15 ≤ θ ≤ π/6,
use equation (8.1) and proposition 8.1. Thus always

area(C) ≥ T̂ > q⋆

by proposition 4.1. Only the three finite polygonal witness families were
used, proving the stated polygonal-universality result. The pointwise con-
clusion applies a fortiori to polygonally direct-universal, ordinary reflection-
universal, and ordinary direct-universal sets. By lemma 1.1, the two area
sets in (1.1) are nonempty and bounded below. Every member is at least T̂ ,
so both infima are at least T̂ and hence are strictly larger than q⋆. □

9. Exact inequalities and formal verification

The analytic proof leaves only finitely many strict inequalities between
explicit elementary expressions. They are not certified by decimal sampling.

Proposition 9.1 (Endpoint ledger). All strict endpoint comparisons in-
voked in the side, cusp, opposite-strip, broad-gap, intermediate-slab, and
large-angle arguments hold over the exact rational parameter intervals stated
there. The following safely downward-truncated values are among the certi-
fied endpoints:
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quantity exact rational lower bound

g−(−11π/225) 0.2374445770286564344
g+(π/3) 0.24478031638341110967
ℓ(θ0) 0.2440321025435
GL(55◦) 0.2379407624768758532
GR(110◦) 0.2474274995343918087

Each displayed terminating decimal is interpreted as the corresponding exact
rational, and the actual quantity is strictly larger. The exact comparisons
θ0 < bL < bR < π/2 and 5π/6 − bL + 2θ0 < π/2 also hold. In particular, the
intermediate proof uses the following convenient rational consequences:

√
3 >

433
250

, sin 127π

600
>

3
5

, cos π

15
>

39
40

,

sin 227π

600
>

9
10

, sin 127π

300
>

9
10

,

cos 23π

300
>

24
25

, cos 73π

300
>

18
25

.

Finally,
1
4

cos π

10
>

2377
10000

> Ttr > T̂ .

Proof. Branchwise monotonicity and lemma 5.1 reduce every interval pa-
rameter to the endpoints displayed in the preceding sections. Expand each
bend-dependent angle into the five atoms in (4.10); every other angle is a ra-
tional multiple of π. The rational enclosures, alternating Taylor polynomials,
compact calibration polynomials, and strict output margins are displayed in
appendix A. Substitution using directed interval operations proves every in-
equality above. In particular, all lower endpoints remain strictly above their
targets before a decimal is printed. No floating-point approximation is used
as a mathematical premise. □
9.1. Formalization correspondence. The accompanying Lean develop-
ment mirrors the proof at the level of the displayed mathematical statements.
In particular:
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manuscript component formalization modules

positive boundary and fan
areas

Polygon/PositiveBoundary.lean

triangle separators and
packing

Polygon/PackingSeparators.lean

finite support inequality Polygon/FiniteEnvelope.lean
atomic cap construction and
achirality

Atomic/PositiveBoundary.lean,
Atomic/Master.lean

midpoint approximation and
moving angle

Midpoint/Error.lean,
Midpoint/MovingAngle.lean

angle and cover normalization Witness/AngleNormalization.lean,
Witness/CoverNormalization.lean

ordinary/polygonal cover
adapters

Witness/UniversalAdmission.lean,

Geometry/UniversalCover.lean
calibration signs Calibration/CertifiedSigns.lean
nine-cell first slab Analysis/FirstSlab.lean
intermediate analytic proof Analysis/IntermediateAnalytic.lean
final pointwise theorems Assembly/Main.lean

The development proves four pointwise area theorems: polygonal and ordi-
nary universality, each for direct and reflection-allowed placement. It also
proves the strict comparison with (1.2). The elementary operation of taking
the infimum in (1.1) is kept in the manuscript rather than packaged as a
separate formal definition.

The exact public declaration names are MoserWorm.polygonalReflect
ion_area_ge_THat, MoserWorm.polygonalDirect_area_ge_THat, Mose
rWorm.reflectionUniversal_area_ge_THat, and MoserWorm.directUn
iversal_area_ge_THat; the corresponding four fully qualified declarations
ending in area_gt_published prove the strict rational headline. This
names the formal boundary precisely: the pointwise statements and the
strict comparison are checked, whereas the notation for the two infima is
not itself formalized.

At the cited source version, the transitive axiom report lists only
propext, Classical.choice, Quot.sound.

The formalization sources contain no sorry, admit, additional axiom, or
unsafe declaration. These are properties of that formalization version, not
additional mathematical assumptions.

10. Discussion

The proof has two conceptual features. First, mixed area is realized by
an explicit packing of fan and support-cap triangles. This makes the in-
dependent translations of the witness copies harmless and exposes exactly
which polygonal hypotheses are needed. Second, the calibrated continuous
measure is a design device only. Finite midpoint worms enter the geometric
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theorem, while a uniform scalar estimate allows their placement angles to
vary.

The first slab has nine named analytic cells, and the intermediate slab
has fourteen. No numerical angular mesh is used. All numerical work con-
cerns a small, explicit list of endpoint signs, each reduced to exact rational
inequalities. This finite structure also gives a direct correspondence with
the accompanying formalization.
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Data and code availability

The paper and its evidence record are available from the ProofAtlas re-
search page; the versioned PDF is available directly here. The collection
entry is the Moser-worm anchor on the advances page. The accompanying
Lean 4 development has a reader-facing formalization page, and its exact
source is preserved at the immutable commit snapshot [4]. The headline
declarations are in the exact module MoserWorm/Assembly/Main.lean.

The source pins Lean v4.30.0-rc2 and Mathlib commit 5450b53e5ddc
75d46418fabb605edbf36bd0beb6. It checks the calibration expressions, ra-
tional interval bounds, angular partitions, packing theorem, and final point-
wise area inequalities. The formalization is supplementary verification of
the statements identified in Section 9; the mathematical proof is presented
in this paper.

Appendix A. Exact-arithmetic ledger

Every terminating decimal in the definition of the proof is an exact ratio-
nal. For N ≥ 0, define the rational polynomials

SN (x) =
N−1∑
k=0

(−1)kx2k+1

(2k + 1)!
,

CN (x) = 1 −
N−1∑
k=0

(−1)kx2k+2

(2k + 2)!
.

For 0 ≤ x ≤ 3/2, the alternating-series theorem gives
S2k(x) ≤ sin x ≤ S2k+1(x), C2k+1(x) ≤ cos x ≤ C2k(x).

https://proofatlas.ai/research/moser-worm-mixed-area-lower-bound/
https://proofatlas.ai/research/moser-worm-mixed-area-lower-bound/
https://proofatlas.ai/papers/moser-worm-mixed-area-lower-bound/Moser_Worm_Mixed_Area_Lower_Bound_2026-09-02.pdf
https://proofatlas.ai/advances/#moser-worm-mixed-area-lower-bound
https://proofatlas.ai/formalizations/moser-worm-mixed-area-lower-bound/
https://proofatlas.ai/sources/moser-worm-mixed-area-lower-bound/commits/c9254797b42c2a89acb00281c0822c7d6fc21923/
https://proofatlas.ai/sources/moser-worm-mixed-area-lower-bound/commits/c9254797b42c2a89acb00281c0822c7d6fc21923/MoserWorm/Assembly/Main.lean
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The exact values bL, bR in (4.1) lie in this interval. The five calibration
atoms are enclosed by

ρ− := 173205080756887729352744634
1026 ,

ρ+ := 173205080756887729352744635
1026 , ρ− <

√
3 < ρ+,

S16(bL) ≤ sin bL ≤ S15(bL), C15(bL) ≤ cos bL ≤ C14(bL),
S16(bR) ≤ sin bR ≤ S15(bR), C15(bR) ≤ cos bR ≤ C14(bR).

All endpoints in these boxes are rational.
Here is an explicit reduction of the calibration calculation. Put

ρ =
√

3, sL = sin bL, cL = cos bL,

sR = sin bR, cR = cos bR, d = bR − bL.

Let Ni be the Cramer numerator for, in order, (m, aL, aR, λ), and put D =
512∆ and Ci = 512Ni. Exact determinant expansion, followed only by the
identities s2

L + c2
L = s2

R + c2
R = 1 and ρ2 = 3, gives

C0 = − 3cLcR + ρcLsR − 2ρcL − ρcRsL + 2ρcR − 3sLsR + 6sR,

C1 = − 3ρcLcR − 9cLsR − 3cRsL + 6cR + ρsLsR − 2ρsR + 3ρ,

C2 = ρcLcR + 3cLsR + 9cRsL − 3ρsLsR + 8ρsL − 4ρ,

C3 = − 3cLcR + ρcLsR + 3ρcRsL + 9sLsR,

and
D = − 3cLcRd − 2ρcLcR − 3cLcR + ρcLdsR + ρcLsR − 2ρcL − 6cLsR

+ 3ρcRdsL − ρcRsL + 2ρcR + 6cRsL + 6cR + 9dsLsR

− 2ρsLsR + 8ρsL − 2ρsR − ρ − 3sLsR + 6sR.

For the two correlated levels, set
L = ρcL + 4ρsLcR − 2ρcR + 4sLsR + 3sL − 2sR,

K = − ρcLcR + cLsR + 3cRsL + 3ρsLsR.

If NT and Nc are the un-divided numerators of T̂ and Tc, then the exact
correlation identities are

512∆ = D, 512Ni = Ci, 4096NT = 3L, 4096Nc = 3K. (A.1)
Evaluate these displayed polynomials by directed rational interval arith-

metic: addition is endpointwise, and multiplication takes the minimum and
maximum of the four endpoint products. The atom boxes above give the
following strict rational output bounds (the printed terminating decimals
are outward truncations):

8.7794144128460693974 < D,

D < 8.7794144128460693975,

C0 > 2.8776443930,
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C1 > 2.2292175098,

C2 > 3.1754355888,

C3 > 9.6281432087,

5.5588110733639 < L,

L < 5.5588110733640,

25C0 − 8D > 1.7057945.

In particular, ∆ and all four Cramer numerators are positive, and the last
line also gives m > 8/25. The three tight correlated comparisons are

3L − 8q⋆D >
4096
1023 > 0, (A.2)

8TtrD − 3L > 0.0000005429724667 > 0, (A.3)

3(K − L) >
2569548652

1028 > 0. (A.4)

By (A.1), these are precisely the cross-multiplied inequalities q⋆ < T̂ < Ttr
and T̂ < Tc; no separately rounded parameter vector is substituted. Division
by the positive determinant also gives the useful enclosure

0.2374365822692385676806190709 < T̂ ,

T̂ < 0.2374365822692385676806190754,

so in particular T̂ − q⋆ > 6 · 10−22.
For endpoint angles, use the exact bracket

π− := 314159265358979323846
1020 < π <

314159265358979323847
1020 =: π+.

After elementary symmetry, every rational multiple of π to which a Taylor
polynomial is applied lies in [0, 17π/36], and 17π+/36 < 3/2. Thus all such
arguments lie in the Taylor range above. For the staircase and coarse com-
parisons, S6(qπ−) is a rational sine lower bound and C3(qπ+) is a rational
cosine lower bound. Direct substitution proves the staircase ledger with the
following retained margins:

endpoint pair in the proof common strict lower bound
h(s), g(θ0, s) 17808/12500 + 1/105

g(θ0, c1), j(17π/360, c1) 17808/12500 + 1/105

g(17π/360, c2), j(π/18, c2) 57/40 + 1/105

g(π/18, c3), j(π/15, c3) 143/100 + 1/105

where

s = 359π

3000
, c1 = 4307π

36000
, c2 = 209π

1800
, c3 = 19π

180
.

The five high-precision first-slab values in proposition 9.1 use the tighter
two-sided enclosures

S16(qπ−) ≤ sin(qπ) ≤ S15(qπ+), C15(qπ+) ≤ cos(qπ) ≤ C14(qπ−),
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together with the S16/S15 and C15/C14 calibration-atom boxes above. Di-
rected rational interval substitution with these orders gives all five displayed
decimal bounds. The lower-order S6/C3 bounds suffice for the seven coarse
inequalities displayed in proposition 9.1 and 1

4 cos(π/10) > 2377/10000; the
same rational π bracket proves the ordering needed for the finite midpoint
worms. Thus every strict numerical comparison used by the proof has an
explicit rational enclosure and a positive retained margin.

Appendix B. Dependency graph

The logical flow is
finite witnesses −→ positive boundary −→ triangle packing

−→ FD ≤ area(C),

calibration −→ nine cells −→ midpoint limit,

one cap −→ fourteen intermediate cells,

segment plus equilateral −→ large-angle estimate,

three ranges + T̂ > q⋆ −→ theorem 1.2.
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